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Stresses in a Metal Tube Under Both High 
Radial Temperature Variation and 
Internal Pressure 


By CHIEH-CHIEN CHANG? ann WEN-HWA CHU,’ COLLEGE PARK, MD. 


The paper treats the stress distribution in a metal tube 
which is subject to a very high radial temperature vari- 
ation and pressure. The radial temperature distribution 
across the tube wall and the variations of the modulus of 
elasticity and the coefficient of thermal expansion are ob- 
tained from experimental data, and all these effects of tem- 
perature are taken into account in the calculations.’ 
The fundamental equations in the case of plane strain and 
plane stress can be formulated as the nonhomogeneous 
Whittaker differential equations. The corresponding 
solutions are obtained by the method of variation of 
parameters and in terms of Kummer series. An example 
is shown, and the stress distribution across the wall is 
given. For comparison, the stress distribution of the 
case of constant modulus of elasticity and coefficient of 
expansion is included. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


A’, B’ 


a, b, ¢ 


= const 

const 

coefficient of linear thermal expansion 

modulus of elasticity 

const 
= direct strains along radial, tangential, and axial 

directions 

thermal expansion at temperature, 7 

OE de 4 
dp 
q, h const 

! This problem was initiated by Prof. Guy Bryan, The Johns Hop- 
kins University, during consulting werk done for Van Zelm Asso- 
ciates, Inc., Baltimore, Md. 

? Formerly, Research Contract Director, The Johns Hopkins Uni- 
versity, Consultant to Air Research and Development Command, 
USAF. Now, Research Professor, Institute for Fluid Dynamics and 
Applied Mathematics, University of Maryland. 

3 Formerly, Research Assistant, Aeronautics Department, The 
Johns Hopkins University. Now, Institute for Fluid Dynamics and 
Applied Mathematics, University of Maryland. 

4 After completing the original manuscript, reference (7)* became 
available in which Dr. Hilton treats the same thermal stress problem 
with a method based upon the assumption that Poisson's ratio is ex- 
actly '/2 In our analysis the Poisson's ratio need not be any par- 
ticular constant and the method can be extended easily to the case 
where Poisson's ratio is temperature dependent. 

* Numbers in parentheses refer to Bibliography at end of paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 29—-December 
4, 1953, of Toe American Soctety or MecHANIcaL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 12, 1954, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, August 18,1952. Paper No. 53—A-4. 
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n= 

My im (z) 
p = pressure 
r,Oz2= 


confluent hypergeometric function 


cylindrical co-ordinates 
R(p) => 
i—pdp 
R(z) = R(p) 
Si..=(—z Kummer’s series 
T = temperature, deg F 
ew 
a 
= const 
= Poisson's ratio 
mi 
ome 
= logr 
direct stresses along r, 6, x direction, respec- 
tively 
= stress function (defined by Equation [4}) 
¥ = o(—az)'* e*/? 
y defined by Equation [16] 
Subscripts: 
o = outside 
i = inside 
Superscripts: 
1 = thermal stresses (no pressure applied) 
= additional stresses due to pressure applied 
= additional stresses attributed to internal pressure 
additional stresses attributed to external pressure 


INTRODUCTION 

The stresses of a finite-length circular tube with high radial 
temperature variation across the tube wall and uniform internal 
pressure constitute a complicated two-dimensional problem even 
within the range of elastic theory, since the stress distribution 
depends both on the axial and the radial distance. To simplify 
the problem to a one-dimensional one, two limiting cases may be 
considered. One is to assume that the tube is infinitely long, so 
that the strain is independent of the axial distance and the so- 
called plane-strain theory becomes valid. This affords a good 
approximation of the stress distribution in the central section of 
alongtube. The stresses in an infinitely long tube under uniforra 
pressure without temperature gradient are well known (1). Timo- 
shenko (2) gives further the thermal] stresses for the cases in which 
the variation of mechanical properties of the material with tem- 
perature can be neglected. 

The other limiting case is to assume that the tube is infiritely 
short or becomes virtually a thin ring, so that the plane-stress 
To a first approximation, the stresses are 
Timoshenko also 


theory becomes valid. 
assumed to be independent of axial distance. 
gives the thermal stresses of such a thin ring for the case where 
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the mechanical properties of the material do not change with 
temperature. Lees (3) investigates the thermal stresses in tubes 
and takes into account the variation of the thermal-expansion 
coefficient with temperature. However, in the case where high 
temperature and pressure are applied to the inner wall of the tube 
and the outer wall is maintained at a very low temperature, both 
the expansion coefficient and the modulus of elasticity are func- 
Naturally, both become functions of the 
Further complication 


tions of the temperature. 
radial distance across the wall thickness. 
likely is introduced by the possible existence of plastic behavior 
instead of elastic behavior in a part of the material. The modu- 
lus of elasticity would then be a function of strain as well as tem- 
perature. A nonlinear differential equation rather than a linear 
one is involved in the general problem. 

For preliminary investigation, the present analysis deals with 
the limiting cases mentioned, in which the material is homo- 
geneous and isotropic and the temperature differences across 
the wall are not too high so that the theory of elasticity can be 
The inner wall is heated to a high temperature, while the 
The radial temperature varia- 
The modulus of elasticity 
Owing to lack 


applied. 
outer wall is maintained at 0 F. 
tions are measured experimentally. 
is given graphically as a function of temperature. 
of test data, Poisson’s ratio is assumed to be a constant for the 
present. Under these circumstances, the problem can be formu- 
lated as a linear, nonhomogeneous differential equation of the 
second order, which can be transformed into a Whittaker’s equa- 
tion within a certain approximation. The general solution can 
be obtained by the method of variation of parameters. The 
arbitrary constants are determined completely by the given pres- 
sure exerted on the internal and external boundaries. 

For simplicity, the solution is decomposed into two parts: 
One gives the thermal stresses resulting solely from temperature 
variations with no boundary pressure, and the other gives the 
additional stresses caused by boundary pressures. Following 
the superposition principle of linear differential equations with 
linear boundary conditions, the actual] stress components in the 
cases where both pressure and temperature variation exist are the 
sum of the corresponding components contributed by each part. 

As an example, a metal tube subject to a temperature of 400 F 
at the inner wall and to internal and external pressures is studied. 
Of course, the method given in this paper can be used for the case 
of the tube subject to much higher temperature as long as the 
elastic behavior of the material can be assumed to exist. 


“PLANE-STRAIN’’ PROBLEM AND THE 


PROBLEM 


THE 
‘“PLANE-STRESS”’ 


FORMULATION OF 


\ tube made of homogeneous isotropic material is subjected 
to pressures inside and outside the tube wall and also to a dif- 
ferential temperature distribution across the wall. The stress 
distribution within the tube depends both on the radial distance 
and the longitudinal distance along the axis, although the tem- 
perature and pressure distribution are axially symmetric. In 
order to simplify the analysis, two limiting cases are considered; 
i.e., (a) the tube is infinitely long, and (b) the tube is infinitely 
short. In the theory of elasticity (4) the former is called the 
plane-strain problem and the latter is called the plane-stress 
problem. The mathematical problem in the first case involves a 
single independent variable, namely, the radial distance r, while 
only to a first approximation do the stresses in the second case de- 
pend solely on the radial distance. This approximation is valid 
for sufficiently small //(r, -— r,), | being the length of the tube 
(virtually, height of a thin ring). 

(a) Plane-Strain Problem-—Infinitely Long Tube. In the plane- 
sirain problem, both the stresses and the strains are functions of 
the radial distance r from the tube axis. Owing to the axial sym- 
metry of the loading, all the shear stresses and strains are zero. 
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Then, if e1:, é22, és: are the direct strains, and o1;, 2, 033 the direct 
stresses, respectively, along the radial, tangential, and axial 
directions of the tube, the equation of equilibrium with no body 
force can be written (1) as 


doy O11 ~— O22 
4 


= ] 
dr r 1 


and the stress-strain relations are 


a1 = (oi; ez: — O33) + & 


1 
E 


Mon) + & 


* ee MO.) + & 


/ 


és = — (033 - 
E 
where E is modulus of elasticity, u is Poisson’s ratio, e, is thermal] 
expansion at temperature 7'(deg F). 

Obviously, es; is a constant everywhere in the tube wall. Both 
E and uw may be functions of temperature. The total thermal 
expansion at temperature T is 

= 4 
a = a’ aT 
To 
where a’ is the coefficient of the linear thermal expansion and is 
also a function of temperature. 7, as the lower limit of the fore- 
going integration, may be chosen as zero for simplicity. 
The compatibility equations (reference 2) ¢ ve 
de22 
+r = 0 {3} 
dr 
Equation [1] is automatically satisfied if a stress function @ is 
introduced so that 


It is noted that from Equation [2] 


O:3 = €3KE — gk + ulon + ox . [5a] 
where the constant longitudinal strain e3; is determined by the 
condition that the resultant axial force over any cross-sectional 
area is zero, i.e. 


our dr = 0 [5b] 


y 
i 


r; and r, being the inside and outside diameter of the tube, re- 
spectively. 

Making use of Equations [2] and [4], we can write Equation 
[3] in terms of the stress function ¢ so that the fundamental 
differential equation governing @ is 


6 


dd d In E dy? 
dp? dp 2 dp 
du? 
a? dp 
E de, 
a dp 
evE du 
dp 





CHANG, CHU 


where p = In r is introduced to simplify the equation. It is a 
nonhomogeneous linear equation of second order, if both E and 
uw are functions of temperature only, and thus are independent 
of the stress, i.e., @ It is understood that the temperature is a 
function of rorp. FE and w can be written directly as functions of 
p. 

So far there are no test data on the variation of the value of yu 
with temperature. Assume yu is independent both of tempera- 
Then Equation [6] reduces to 


uw dinE : 
| — Me dp 


: ef’ de, 
R(p) = — : [8] 
1 — Me dp 


ture and p 


dp d\n E dd 
dp* dp dp 


where 


The boundary conditions are o,,; = —p on the wall, or in terms 


of @ they are 


gd = —1,p,atr [9a] 


cea) rgpy atr 


(b) Plane-Stress Problem—Infinitely Short Tube. Suppose 
that a very short tube is subjected to thermal strain and pressure, 
both being independent of axial distance z and the angular posi- 
To a first approximation, we postulate that the stresses 
Stresses 033, O23, On are 
zero everywhere, since they are zero on the end surfaces. Owing 
to axial symmetric conditions, the stresses also are independent of 
6. Stresses 0;;, O12, 22 are, therefore, functions of r only. Fur- 
thermore, the condition that no torque is applied implies a. = 0 
everywhere. The equation of compatibility, Equation [3], has 
to be satisfied, while the other equations of compatibility involv- 


tion @, 
are independent of the axial distance z. 


ing derivatives with respect to z and the assumption of o3 = 02 = 
a, = 0 are disregarded in this approximation. Therefore the 


equations to be satisfied are the Mquation of Compatibility [3], 
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the Equation of equilibrium [1], and Equations [2], the relations 


between stresses and strains. Again, a stress function can be de- 
fined by Equation [4] as in the previous case, and likewise gov- 
erned by the following differential equation in order to satisfy 


Equations [2] and [3] with o3; = 0 (not e3; = const 


ad d In E do 
dp? dp dp 


dink _. dey 
v1 -}|o Ee? — [10 
dp dp 


A comparison of Equation [10] with [6] shows that only when 
e, = 0, E = const, uw = const, is the differential Equation [10] 
identical with Equation [6], and the solution of a plane-strain 
problem an approximate solution to the plane-stress problem of 
the same boundary conditions. If the variation of yu is negligible, 
Equation [10] reduces to 


ad din E dd , 
dp? dp dp 


(11) 


din *) 
u ¢ 
dp 


where 


SOLUTIONS 


In general, the nonhomogeneous Equations [7] and [11] cannot 
be solved easily if F is an arbitrary function of r. However, for a 
particular alloy steel under consideration, the experimental rela- 
tion between the modulus of elasticity E and the temperature T 
is shown in Fig. 1. An approximate temperature-distribution 
curve for a tube made of this material was determined experi- 
mentally under certain conditions, Fig. 2. Based on these data, 


the curve (d In E)/(dp) versus p is constructed graphically, Fig 
3. The differential Equations [7] and [11] will be solved in a 
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VARIATION OF 


quite general fashion so that the treatment may not be limited 
only to materials of this kind. 

Several simple expressions have been tried to represent the 
curve, (d In E) (dp). It is found that be*? fits the curve satis- 
factorily by adjusting the two free constants a and b. With this 
the next question is whether 


> 


approximation as shown in Fig. 3, 


Equations [7] and [11] can be reduced to forms of differen- 
tial equations for which the solutions are known. 
and vy to replace 


For simplicity, introduce two new variables - 
pand @, respectively, as 
ldlnFkE 
a dp 
and 
»/2 
azje~'“ 


y = 


where the constant a is found to be negative and the constant 
b positive in practical cases. For the plane-strain problem 
Equation [7] can be transformed to 


P\ 


Across Watt TuickNess ror TypicaLt ALLOY STEEL 


» = 4.688 in.) 


d? 
dz? 


where 


The complementary equation of Equation [14] with R(z) = 0 can 
be identified as Whittaker’s equation if 


The complete solution of Equation [14] may be shown as 


V = AMim(z) + BMiu-m(z) + Y... 
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where A and B are two constants to be determined, Wy. +.(2) are b 
. . i ~ ‘sa ."* | 
confluent hypergeometric functions (5) and E = E* = 2" {18} 
7; where E* is a constant determined to give a satisfactory repre- 
y = M,.,.(2) R(z) ( ) sentation of the graphically constructed curve E. This curve is 
2 also shown in Fig. 5 for comparison. Therefore Equation [8) 
can be expressed as 

7 (—az) / . 

Mx.-m(z) Riz) - M, (2) dz.. [16] ) os iia @ 19) 


0 a?z? : a 
which can be derived by the method of variation of parameters 
(6) without much difficulty. 
The problem now is how to evaluate the stresses. Kummer's 
first formula (5) gives 


ike call dei a known constant and 
M,.-m(2 ~ e'* St.-al 


+ 2/2 ¢ 7 
M k.m(2z) z I/e Sia.m(—Z) 
where the Kummer’s series can be written as 


another known constant. Making use of Equations [15] to |19] 
s. A as well as Equation [13], one finds after some simplification 


ly 
@ = A’z"Si.» (—z) 4+ 


, 
‘ 


U(z) . V(z) 
—_ 


(—2a) (—2a) 
where 


S ss 
U(z2) = 2* f, R(z)z~'-™ e*Ssz.-m (—z) dz 
l é J0 


2a + 


| 

Then, R(p) = R(z) must be expressed analytically in terms of z. 6 ” 

For the material used, the curve of the coefficient of linear thermal - 1+ p’ 
a 


= hz 


expansion a’ versus temperature 7’ and the graphically integrated 


2 
curve @ | = a'dT } versus 7 are both shown in Fig. 4. 
0 
Value of e, is further determined graphically as a function of p 
in Fig. 5. As a good approximation, e, can be represented by 
ce?", Fig. 5, where c and g are constants. On the other hand, 
by integrating (d In FE) /(dp) 
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2a+2 2!(6 +m + 
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A’ and B’ are the only remaining constants to be determined from 
the boundary conditions. It is obvious that the radial stress 
d can be obtained from Equations [4] and [20]. In so far as 
the tangential stress a2 is concerned, it can be obtained from 
Kquation [4] by differentiating Equation [20] 

d 


az) 
( 


Sk.m aes | Nl Skim | 
> 


( -2a)r 


[5a], and [54], it is easy to show that 


From Mquations [4], 
plane-strain case 


for the 


148 L50 152 154 


VARIATION OF Mopvutus or Exvastictty FE anp THERMAL STRAIN eg AcRoss Tuse WaLt 


So far the discussion has been on the plane-strain problem. 
Similar solutions can be obtained easily for the plane-stress case. 
Comparing Equation [7] with Equation [11], one finds that u 
takes the place of u’ and (1 ww )h takes the place of has 


. > de, 
F(p) = —rE = (I 


Rp) 
dp me 


Therefore a change of uw’ to uw and h to (1 — w)h in the preceding 
results gives the approximate solution for the plane-stress prob- 
lem, except that the arbitrary constants in the stress function 
have to be redetermined to satisfy the boundary conditions. Of 
course, 03; = 0 here while the other stress components are cal- 
culated from Equations [4], [20], and [21]. 

Owing to the linearity of the differential equation and the 
boundary conditions, the stress function @ may be decomposed 
into two parts. The first part, @“” is independent of the bound- 
ary pressure and is the stress function for thermal stresses (when 
no pressure is applied on the boundaries). The second part ¢@ 
is the stress function for the additional stresses due to boundary 
pressure and may be decomposed further into two parts: @?”, 
proportional to p; and @@, proportional to p,. Correspondingly 


we have 


+o and a = @@0 4+ @@ 


Example. The physical constants determined by the proper- 
ties of the material and temperature distribution for a tube of 
7.876 in. ID and 9.376 in. OD are as follows: 

107 

10” 

10? 

103 


bu 0.3 B* = 2.935 & 
a= 55.418 6.070 x 
= $500 7.249 X 

> = 7.643 X $286 xX 


g = $1.22 


1033 
19?! 


With FE juations [20! to [22], the stress components are calculated 
in both the plane-strain case and the plane-stress case. The re- 


sults are plotted in Figs. 6 to10. Conpariscas also are made in the 


figures with the known results in the plane-strain case where # 


and a’ are assumed to be constant. In calculating these stresses 


r 
Tr dr has been employed. The 


rT 


(2) graphical integration of 


constants FE and a’ are taken to be the average values EF (= 2 
10® psi) and a’ (+ 6.2 X 10° per dex F) over the temperature 


4 


range covered. 
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Fig. 6 Tuermat Stress on") 1n TANGENTIAL Direction Across 


Tvse Watt Wits ONLY TEMPERATURE GRADIENT AND No PRESSURE 
APPLIED 


With no applied pressure, the thermal stress o2:‘ in the tan- 
gential direction is shown in Fig. 6. The curve for the plane- 


strain case (curve A ) is similar in shape to that for plane-stress case 


To 
(eurve B). The equilibrium condition f Ox") dr = 0 can be 
wt 
used as a check. Since only a small portion of the tube near the 
decreases rap- 


The magni- 


inner wall is at relatively high temperature, a» 
idly to rather high compression at the inner wall. 
tude of the maximum compression is about 70 & 10° psi and 50 X 
10? psi, respectively, in the plane-strain and plane-stress case and 
is roughly 7 times the maximum tension in both cases in the par- 
for the plane-strain case based on 
Since the effect of 


elasticity exceeds that of increasing 


Curve ( 


and a’ is shown 


ticular example. 
constants for comparison. 
fast-decreasing modulus of 
thermal-expansion coefficient with increasing temperature, the 
maximum thermal compression ¢:"", Fig. 6, is 10 per cent lower 
than that calculated on the basis of constant modulus of elasticits 
an! constant thermal-expansion coefficient. 

The additional stress a2: in the tangential direction is shown 
The magnitude of either of a2 
the tube wall remains practically the same in the plane-stress 


in Fig. 7. 2) and 2") across 
case as in the plane-strain case, and each can be represented by 
a single curve in the present example. The known results of 
02." (reference 1) with assumed constant turn out to be inde- 


pendent of Z and are the same in both the plane-strain case and 


STRESSES IN METAL TUBE 














-4 


| 
| 


ek b) A —_ 


Sn A ee 





-QBt—- ——--- —+—) ~~ —- + 


3.938 4188 
r, inches 


(2) 
Aiditional strese ee due to pressure applied when 
0x3 =0 or @yq =constant but the variation of the 
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Fic. 7 Stress on?’ Due tro Pressure App.igp 


ADDITIONAL 


(a, Internal pressure; 6, external pressure ) 


the plane-stress case. Naturally, the internal pressure con 
tributes tension to the tube in the 6-direction, while the external 
pressure contributes compression. It is found that the magni 
tudes of the stresses 022'?"), o29"”) are slightly larger than those cal 
culated by assuming EF = const, except for a small region near the 


inner wall where they are considerably less. From equilibrium of 


forces 


—& a i 


which can be used for checking purposes. 

The thermal stress a,“ in the radial direction, is shown in Pig 
8. Since no pressure is applied at either r = r,orr = r,, 7," is 
zero at bothr = r,andr = r,. The magnitude of 0," is not of 
significant order and is roughly the same whether the variation of 
E with temperature is considered or not. 

The a 
Fig. 9. 
creases from unity to zero, while that of a," 


litional stress a, in the radial direction is shown tn 


The magnitude of ¢ p, due to internal pressure de 
Pe due to external 
pressure increases from sero to unity with increase of radial dis 
tance. The value of o,;@ base! on the temperature-dependent 
E does not deviate significantly from the constant /-case 
Furthermore, the thermal stress o33°" in the axial direction is 


shown in Fig. 10. The magnitude of oa" in the plane-strain 
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in plane strain case but the variations 
of E and Q’ with temperature being neglected 
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(A, Plane-strain case; B, plane-stress case.) 


case is roughly the same as that of o»‘'. The distribution of 
033") based on constant F has not been calculated for the present 
temperature distribution and the curves for the additional stress 
03;°?) also have been omitted. 
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Stresses and Deformations of Flanged Shells 


By G. HORVAY! anv I. M. CLAUSEN, JR.,? SCHENECTADY, N. Y. 


Simple formulas are given for the effect of a flange on 
the deformations and stresses of an attached shell. 


1 INTRODUCTION 


MONG the principal functions of a shell is containment of 
pressure, whether gas or liquid. The membrane stress 
caused in a shell by such pressure is the primary design 

However, near regions of rapid change of shape, or 

These usually 


criterion. 
near an end, the shell incurs additional stresses. 
are called discontinuity stresses or edge-load stresses which a 
shell, designed for membrane action only, is often not prepared to 
tuke. The reinforcement which must be provided to secure ade- 
quate behavior for discontinuity stresses may take the shape of a 
hoop ring or bracket support or may rely on thicker wall construc- 
tion in a transition region. At an end the reinforcement (as well 
as means for attachment to the supporting structure) is usually 
provided by a flange, Fig. 1. 








Fig. 1 


Determination of the reinforcement provided by a flange is 
thus a basic and recurrent design problem. While this subject 
has been discussed extensively in the literature (la) and also in 
various codes, there does not seem to be available a simple, quick, 
yet reliable procedure for solution of the problem when the shell is 
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The scheme of calculation, developed in this 
The analysis involves the follow- 


noncylindrical. 
paper, aims at filling this gap. 
ing steps: 


1 Consider the shell and flange severed at their juncture and 
determine the misalignments of (and the stresses in) the two 
members under the direct loads or the temperature variations 
they experience (membrane analysis). 

2 Calculate the internal reactions necessary to re-establish con- 
tinuity of shell and flange. (In Fig. 4, IN, H’, and IN*, H*’ are 
the moment and force reactions acting on shell and flange, respec- 
tively, per inch of shell periphery.) 

3 Determine the stresses and displacements induced by these 
internal reactions (edge-load analysis). 

4 Superpose the stresses and displacements so obtained. on 


those determined in 1. 


There is only one not entirely clear-cut step in the analysis. 
This entails recognition of the fact that while the edge moments 
M and IM* of Fig. 2 balance, the effective edge forces 1 and 3* 
add up to zero only when the shell is cylindrical at the juncture. 
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In Section 2 we derive the formulas for the interna! actions 
M, 5, IM*, 3C* that must be developed at the common edge of 
shell and flange if the rotational and translational misalignments 
xt and 6¢ are to be eliminated. Once these actions are known 
both the shell problem and the flange problem become statically 
determinate and can be handled by conventional methods. 

In Section 3 we list the formulas which relate flange deforma- 
tion and stress to applied moment and force. 

In Section 4 we list the formulas which relate shell deformation 
and stress to applied moment and force. 

In Section 5 we consider the effect of axial temperature varia- 
tions. 

In Section 6 we illustrate the use of the method by an example 
which involves weight, pressure, and temperature loadings. The 
example is somewhat artificial. Its purpose is to illuminate a 
number of features which could not otherwise be assembled into a 
single problem. 

Our analysis considers only axisymmetrical loading and is 
based on the following additional assumptions: 


(a) The shell is axisymmetric, thin-walled, not too fla. near the 
flange edge (gy 2 2/4), and its parameters (thickness, etc.), vary 
but slowly. 

(b) The flange dimensions are small compared to the flange 
radius. More precisely, (w/R)? and ww/R are negligible com- 
pared to 1. 
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(c) Stresses and deformations are computed on a filastic basis.‘ 

(d) Stress concentrations are disregarded. 

(e) The loads are sufficiently small so that higher than first 
powers of the ensuing deformations are negligible. 


Assumption (a) is conventional. Bending theories for non- 
axisyinmetric shells have not yet reached the stage where they 
may be readily adapted to the problems of engineering design. 
The other assumptions of (a) could perhaps be relaxed at the cost 
of enormously increasing the required calculational labor. Recent 
work by E. Reissner and collaborators (2, 3) has brought very flat 
shells, as well as shells with fairly rapidly varying parameters 
within the scope of accessible analysis; some thick-walled shell 
theory is discussed in (4a). But inclusion of such considerations 
would conflict with our aim of presenting results immediately 
applicable to design practice. 

When the shell is thin-walled and none too flat, one may, as is 
shown in reference (5) or (6), replace the shell at the juncture to 
the flange (in edge load analysis) by a tangent conical shell and 
still get The formulas used may be called 
“zeroth” approximation formulas for “discontinuity” or ‘“‘edge- 


reliable results. 
load’’ analysis; they disregard variations of the attenuation 
length or of other shell parameters in the edge region. More 
accurate formulas are given in references (2) and (3), and some 
special ones in references (6) and (4/). 

Assumption (6) is rather innocuous. 
The assumption insures that flange 


Most flanges adhere to 
this assumption rather well. 
sections displace and rotate rigidly. 
This creates little extra labor 


For greater accuracy the 
assumption may be dropped. 

Assumption (¢) states that if the stresses and deformations in- 
volved are past the proportional limit, we nevertheless calculate 
as if the continued linearly indefinitely. 
Clearly the results so obtained are based on a fictitious extension 


stress-strain curve 
of the elastic range; to refer to these fictitious elastic conditions 
we shall use the abridged expression, “filastic conditions.”” To 
calculate in any other manner would greatly extend the work in- 
volved. 

Assumption (d) implies that at sudden transitions in contours 
where discontinuity stresses arise, there also arise stress concen- 
trations, sometimes of considerable magnitude, which we shall 
persistently disregard. These stress concentrations (which are 
significant over distances of about 2h from the edge 
to the effect of edge loads® which are significant over distances of 
about 27) can be greatly reduced by use of adequate fillets, and 
satisfactorily by experimental 


in contrast 


be analyzed most 


Much valuable information has been assembled by 


they can 
methods. 
Heywood (7). 
check whether, under alternating loading, the regions of stress 
concentrations have adequate strength. Further information on 
the subject can be found in a recent report (8) which gives an ex- 


In any given design one should be careful to 


haustive survey of the present state of art and numerous ref- 
erences. 

Assumption (e) insures that (in Fig. 6) we may neglect the con- 
tribution (R — *)y*?/2 to the horizontal flange displacement in 
comparison with the contribution cx*. 
this may turn out to be a poor approximation. 


For very wide flanges 


2 FLANGE AND SHeu. INTERACTION 


Fig. 1 shows a flanged shell and defines the flange dimensions a 
(inside radius), b (outside radius), R = (a + 6)/2 (mean radius), 
a + B (bolt circle radius), w (flange width), 2c (flange height ). 
The figure also illustrates the shell parameters r (radius to mid- 
plane), latitude angle yg, and wall thickness h. The edge value, 


‘For definition of ‘‘tilasticity’’ see later comments pertaining to 
assumption (c). 
§ See Equation [3 | for definition of l. 
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7of r, is usually, but not always, equal toa. (Hdge values of shell 
quantities will be denoted by bars.) 

Fig. 2 shows the flange severed from the shell. We refer to the 
edge value x of shell rotation x under unit applied edge moment 
Mi as “flexibility” and denote it by f, as illustrated in Fig. 3(a). 
We refer to the edge value of shell displacement 6 under unit 
applied horizontal edge force 3C as ‘“expansivity” and denote it 
by ¢, as illustrated in Fig. 3(b). Positive convention for SW, x, 
3, 6 is defined in Fig. 2. The edge loads SW and 3C imposed by 
flange on shell are, in general, specified as so many |b in/in, or so 
many Ib ‘in at radius 7. The expressions of f and € will be estab- 
lished in Section 4. 

We denote rotation and displacement of flange where it joins 
the shell by x* and 6*. Positive convention for x*,6*, and the 
edge loads IIU*, 3C* imposed by shell on flange are defined in Fig 
2. 

We refer to the rotation x* of the flange under unit applied 
moment as flange flexibility and denote it by f* as in Fig. 3(a). 
We refer to the displacement 6* of the flange under unit force ap- 
plied at flange mid-plane as expansivity and denote it by €* as in 
Fig. 3(6). SU* and 3C* are, in general, specified as so many Ib 
in/in or so many Ib/in at radius 7. 

For narrow flanges (which obey assumption b) the displace- 
ment 6* for a mid-plane force and the rotation x* due to a mo 
ment load are the same for all points of the cross section. When 
assumption (6) is dropped this is no longer true, and in this case 
f*, €* will be understood to refer to displacement and rotation at 
radius 7. The expressions of f* and €* will be derived in Section 3. 

In general, we shall be concerned with moment IN*, force IC*, 
transmitted by shell to flange at radius 7, at the lower edge of the 
flange, as in Fig. 2. The consequent flange displacements are 


x* = f(IM* —ciC*) 
or ee e*K* —_ cx* 
+ ¢x* 


la, b,} 
* = € a »* 
Here 6* denotes the lower edge displacement, §* the displace- 
ment of the upper edge of the flange. Equations [1] presuppose 
that assumption (e) of small rotation angle x* is obeyed. 
Similarly, we shall be concerned with the effects of force 3C and 
moment SW transmitted by flange to shell. The consequent 
deformations, forces, and moments will be enumerated in Section 
4. Here we merely state that 0 and SW cause edge rotation and 
edge displacement 


x = 
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In the foregoing 


l= [3(1 u?))~ “*V rh/sin g, 1, =l sin ¢.. [3a, b] 


are the “attenuation length’ of the shell and its vertical com- 
ponent, respectively. For uw = 0.3, / has the value 


l = 0.778 ¥ rh/sin @.. ve [3e] 

In the foregoing we have enumerated the edge deformations of 
flange and shell under edge loads SM*, IC* and M, I, respec- 
tively. 

We are now ready to handle the flange-shell interaction prob- 
lem. 

When shell and flange are severed, the shell incurs, under the 
distributed meridional and normal loads p,(x), p,(z), psi, which 
act on it (see Fig. 1), membrane displacement and rotation 6,,, 
Xm-° Under the prescribed temperature distribution (zr) it 
incurs, furthermore, displacement and rotation 69, x». The edge 
values of these deformations are 6,,, x,, and 49, Xv», respectively. 
Their resultants will be denoted simply by 6:, x: 


5, = 6, + bs, x1 = Xm + Xo [4 


Under the action of the given applied loads the flange incurs 
displacement and rotation 6,,*, X,*, and under the given tem- 
distributions it incurs displacement and _ rotation 


perature 
The resultant flange deformation at the place where it 


by*, Xv". 
joins the shell, thus is 


6,* = a" + dy", x* = xn° + xe*.. [5] 


In general, we shall find that the membrane and temperature 
deformations cause misalignments in flange and shell. Conse- 
quently edge loads IU*, 5C* must be developed, giving rise to 
additional flange deformations x2*, 62*; and edge loads ©, 5C 
must be developed giving rise to additional shell deformations 
x, 6,, with edge values x,, 5, (for simplicity we shall denote the 
latter briefly by x2, 6:) such that for the resultant edge deforma- 
tions 


X =X + Xe, 5 = 6; + 6, 


? 6) 
x. =x +x", 8 = 5°45" | (6 


the ‘‘continuity conditions” 


x+x*=0, 6 =35*. (7a, b] 
of shell and flange be re-established: total shell rotation compen- 
sate for total flange rotation; total shell displacement be equal 
to total flange displacement. 

Observing that x,*, 6,*, x1, 6: are known from membrane and 
temperature analysis, x2*, 6:*, x2, 62 have known Expressions 
{1], [2] in terms of edge loads, the continuity Equations [7] con- 
stitute two equations for the four unknowns SI*, 3C*, IM, FH. 

We need two more equations for determining the four unknown 
reactions. One is 


uM = M*. . [8a] 


and expresses moment balance at the juncture of flange and shell. 
The other is 


KH+H* + Veot ¢ = 0.... . . [8d] 


and expresses force balance at the juncture. In the foregoing U 
is the vertical force, lb/in, which acts between flange and shell, 
It has the value 


UW me W/2mP. 2... ccc AD] 


as in Fig. 4. 


® Subscripts m, J, and e are used to denote membrane action, tem- 
perature action, and edge-load action, respectively, when such dis- 
tinction appears desirable. z is the meridional co-ordinate, see Fig. 7. 
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where W is the resultant downward force (weight) supported by 
the flange. 

We arrive at Equation [8] as follows: The vertical force U 
which acts on the shell edge is decomposed into a meridional 
force 


N,. = U/sin ¢ 110) 
(N,, is our membrane solution at the edge), and a horizontal 


force -—D cot ¢ The forces H’ and H*’ which—due to con- 





tinuity requirements -are called into action at shell and flange 


edge must balance 


H’ +H* =0 {11} 


the same as the moments IW, IU* balance in Equation [8a]. 
Denoting the resultant horizontal force of H’ and of —D cot ¢ 
by # 

[12a] 


KC = H’ VD cot ¢. 


and denoting the resultant edge load force on the flange by 3C* 
* = H*’ [12b } 


the force balance Equation [11] reduces to [8b). 

To summarize, we analyze the flanged shell as follows: (a) We 
calculate the edge deformations of flange and shell, when these 
are considered as severed, under the given distributed loads and 
temperature distributions. (6) We calculate the four edge loads 
required to re-establish continuity from the four Equations 
(7a, b}, [8a,b). (c) We calculate the effects of these edge loads 
stresswise and deformationwise. (d) We superimpose the re- 
sults of (a) and (c). 

Before proceeding to establishment of the formulas for f*, 
e*, f, € we shall slightly simplify step (b). Expressing 0* and 3C* 
by Equations [8] in terms of 30 and 3, we write Equations[7a, b} 
on the basis of Equation [6] and the Expressions [1] for x2*, 5:*, 
and Expressions [2] for x2, 6: in the form 


(f* + f)M + (f*e — fl,/2R = —xt 


3a, b 
(f*c — €/l, Mm + (f*e? + €* + 6K = ia, 8 


ot J 


where 


xt = x1 + x* + f*cD cot 2 


© . . [13e, 
t = 0, 6,* + (f*c? + €*)U cot y | Ade, é] 


are known quantities. We shall refer to xt, 5¢ as the rotational 
and translational ‘‘misalignments” which must be eliminated by 
suitable edge loads SM, 32, IN*, IC*. When the misalignments 
are zero, then so are the edge actions. 

By virtue of the identities 


€ = fl,?/2, 


to be established further below in Equations [25] and [22], we 


e* = f*c?/3 [14a, b} 
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may write solution of Equations [13a, 6} in terms of the “flexi- 
bility ratio” 
p; = f/f*. {15a} 
and ‘“expansivity ratio” 
p, = €*/e. [155] 
as follows 
FM = tayxt + tsdt/l, 


5a, | 
SRI, = tuyxt + tusdt/l, j [16a,b] 


where the “influence coefficients” ¢ are given by 
twy = —(1 + 4p,)p,/A 


= thy = (V 6p,.p, — p,)/A 


(Ms 


tus = —2(1 + p,)/A 
A=1+ ), + p;/2 + V 6p,p, + 49,1, 


The coefficients —-ty,, —tus = —tuy, —tus are plotted in 
Fig. 5(a, b,c) versus p, (for constant p,, full lines), and versus p, 
(for constant p,, dashed lines), in the most frequently occurring 
range, 0.01 < p,, py < 1.0. These graphs are not drawn in suf- 
ficient detail to permit quantitative use; they serve merely as an 
aid in estimating the trends certain design changes may produce. 
The coefficients should be caleulated from the simple Expressions 


{17}. 


3 FLANGE AcTION 
We now proceed to derive the flexibility and expansivity 
formulas f*, €* for the flange and establish the expressions of 
flange stresses. 
We shall denote the flange cross-section area and the moment 
of inertia by A and /, respectively 
A = 2w, I = 2c*w/3 [18a, 6] 


1 Ib in/in be applied, at radius a, at the 
Then it follows from reference (4c) that 


Let a moment IN* = 
inner face of the flange. 
the inside face of the flange rotates an angle 


a* 1 u 1+ uu? 
ee ee + + 
‘ EI 2 R 2 aR 


Likewise, it follows from reference (15) that on applying the force 
K* = 1 |b/in to the flange, at inside radius a, uniformly dis- 
tributed over height 2c, the internal face of the flange displaces 


[19a 


outward an amount 
as aR 14 w 4 w? | 
“o "BA ‘HR * spel 


If the ratio w?/aR is negligible compared to 1 then Formulas 
{19a, b] reduce to 
= Ra w 


2 = l + ’ 
fol @ gy ite R € 


[196 | 


ss Ae a+ w 29 
EA a - 


In this approximation the outside face of the flange—at radius b 
deforms, due to the loads applied at the inner face, the amounts 


Ra . Ra 
Pe a? = 


~ ET EA 


f.* [2la} 
respectively. Clearly, the flange does not deform rigidly. There 
exists a distortion due to Poisson ratio effect. However, if we 
consider also uw/R as negligible, then the deformation of the 
inner face 


... [21b] 
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becomes the same as that of the outer face. In this approxima- 
tion, therefore, the flange cross section moves and rotates rigidly. 
Moreover, the rotation occurs about the centroid of the section. 
One likewise shows that if N* = 1 lb in/in and3C* = 1 Ib/in are, 
in the same fashion, applied at radius 7, as in Fig. 2, then Expres- 
sions [21] must be replaced by 


6 
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Rr 
| oa = e* = 


EI’ 


Ry 


= [22a, b} 
EA 


These are the flange flexibility and expansivity expressions for 
loads applied at radius 7. The rotation still occurs about the 
centroid. 

The foregoing considerations were based on the assumption 
that the rotation angle x* is small. If it is not small then Equa- 
tions {la, 6} must be replaced in accordance with Fig. 6 by 


- #)x*\5C*] \ 


x* =f*(m*— le +(R 
6* ~ #)x*?/2 


= 6*3HC* — cx* + (R 


(23a, b!} 

















This makes the problem nonlinear and complicated. In what 
follows we shall assume that the linearization of Expressions [2% 
to those of {1] is always permissible. 

When the flange cross section rotates rigidly, as it does in our 
approximation, then the only stresses the flange experiences are 
hoop stresses, arising from the displacements 6* and 6* of lower 
and upper edge. According to whether 6* or 6* is numerically 
larger, the stress at the lower inside corner, or the upper inside 
corner of the flange 

o* = E6*/a, E6*/a 


o* (24a, b} 


will be the largest stress in the flange. 


4 SwHevi Action 


It was shown in Equation [10] of reference (5) that under 
edge loads 0 and 3, as in Fig. 7, a non-too flat shell incurs defor- 
mations 6, x 

) 


l 1 
6/fl, = — - M Fin) += HIFdn) | 
2 2 


l 
x/f = M Fin) — = JCI F (n) 


v = 
and moments and forces M,, Mg, H, N,, Ne 
M, = MF\(n) — HUF An) 
Hi, = 2M 2( n) + ICL F n) 
Me = uM,, N, = Heos¢ 
No = Ehd/r = (3.30/h)[—MF(n) + HLF (n)] 


6 cot ¢ 


(in the expression of Vg we used uw = 0.3), where 


Fi = V2e™ cos (n w/4), F, =e sin n 


’ (- [27] 
F; = — V 2e™ sin (n — 7/4), Fe = e™* cosn 
7 Formulas [25], [26] may be deduced also from equations [35 ]—[44] 


of reference (3), utilizing his equations [57 |-[61] and making suitable 
simplifications. 


are damped sinusoidals, tabulated as functions ¢, ft, wv, @ in 
reference (1c), and as functions A, B, C, D in reference (6). In 
the foregoing 


f=U/D [28a] 


is the flexibility of the shell 


D = Eh*/12(1 — yp?) [28 ] 
is the stiffness of the shell, and n denotes the distance from the 


edge—along a meridian—in number of attenuation lengths 


x)/l. [29] 
Symbol z is the meridional co-ordinate of a shell point as in Fig. 7, 
% that of the shell edge 


f 


It was shown likewise in reference (5) Equation [1] that under 


™ 





ae ™ 


ce 





distributed loads p,, p, the shell incurs a vertical force V lb /in 


z 
2rroV, f 2rrp, dr, 
ro 


Po = pr sin g + Pp, Cos ¢Y 


2rr Vir) = 
30a] 
it incurs membrane forces 


N, = V/sin g, No rp,/sin ¢ rN, [30b, ¢] 


displaces horizontally 


= r(Ne uN,)/Eh [3la] 


and rotates 


x = (NV, — uNo)/Eh r/R, sin ¢| cot ¢ 


— d (6/sin g)/dr [316] 


In the foregoing, F, is the radius of curvature of the meridian. 
In Section 6 we shall need the edge values of Expressions [30], 
[31] for the case of a conical shell (R, = ©, @ = ¢) subject (a) to 


weight loading 


277V = W, p, =p, = 0 [32a] 


(b) to liquid pressure-loading 


0, P= -yd 32h | 


as indicated in Fig. 9. Term d denotes the depih below the sur- 
face of the liquid. 
For Case (a) we find 


VU =V = W/2n7, N, = 
5 = 


(33a, b, 


c, d, e;] 


V/sin ¢, Ne = 0 
uW/2rEh sin ¢, xX = W cot ¢/2r7Eh sin 9 
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For Case (6b) Formulas [33a, b, c, d] hold unchanged (W now 
denotes the total weight of the supported liquid) only the x ex- 
pression must be changed to 


x= (W cot ¢ + 2W’)/2rrEh sin ¢ 


where 


X = Xm + x0 + X,, 6 35a, 6] 
where we included also contributions from temperature deforma- 
tions. In the narrow edge region, where x,, 6, change rapidly, 
the membrane quantities vary but slowly and can be replaced by 
their edge values 


Near edge: xX ~ Xm +X09 +X. O> [35c, d} 


Farther away from the edge the variation of the membrane quan- 


tities cannot be ignored, but here 6,, x, are negligible 


Away from edge: x ™~ Xm + Xo, 6 ~ 6, + by 
Similarly, the shell stresses have expressions * 


[35e, f) 


+ Neg + N,,)/h F 6M,/h? 


= Co + Or9 + Oxt + Oy, 


Nos + Noe)/h F 6M o/h? 


= Tan + Fas + TH + Ow 


og = (Now 


The first three terms in these expressions represent uniform 
stresses across the shell wall, the last terms represent 


Upper sign holds for inner fiber, lower sign for outer 


bend- 
ing stresses. 
fiber. Approximations equivalent to Equations [35c, d, e, f| hold 
also for the stresses. We shall refer to these as Equations [36c, d! 
and [36e, f| respectively. 
5 Temperarure Errects 

We restrict ourselves to the case when the temperature varia- 
tion, 3, in both shell and flange is linear in the axial direction, and 
has a discontinuity at the juncture, as in Fig. 8. Then severance 





Fig. 8 


of flange and shell leads to shell deformations 


by = aT, Xv = 


and flange deformations at the juncture 


by* = ral’*, Xv" = raT*’. 


and does not create any stresses. 
6 Numericat ExampeLe 


We have chosen for illustration of the principles a rather uncon- 
ventional example. But this will enable us to pinpoint a number 
* Subscript ¢ stands for tension due to edge loads IN, %, subscript b 
stands for bending; we distinguish o.4; = 6Mz/h? and orb. = 
+6M;/h? (bending stress for inner fiber, outer fiber), and similarly 
we distinguish oi, bo. 
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b=84" 








T= 0% in 


Weree_? 12000 lb. 
y = 250 lb. /cu. in. 
&=30x 10 psi 
B=0.3 

a=i0° 
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of considerations which otherwise would not arise in a single 
problem. The 132-in-diam vessel shown in Fig. 9 is of 3/s in. wall 
thickness throughout, of 96 in. depth in the cylindrical portion, 
of 12 in. depth in the conical flare (of 45 deg inclination), and is 
supported by a 6-in-wide flange along « bolt circle of 81 in. radius. 
The vessel (including bottom plate) weighs 12,000 Ib. It con- 
tains liquid of specific density 250 pef.*| The upper part of the 
shell is cooled at the rate of 10 deg F per vertical inch; on the 
other hand, the flange is maintained at constant temperature. 
Suitable fillets at C and D eliminate the necessity for considering 
stress concentrations. 

The Problem. To find the stresses and deformations in the 
vessel near the flange region. (Because the knuckle is separated 
from the flange by more than two attenuation lengths, we can dis- 
regard the interaction of the two effects. Determination of 
strengthening required at the knuckle is a separate problem and 
is not considered in this paper.) 

To correlate the example with the text, primes will be appended 
to the present equations to indicate the earlier equation into 
which the numerical substitutions were made. 


(a) Shell Parameters 


l attenuation length = 0.778 V 78 X 0.375/0.707 
= 5.00 in 


[3c’] 
vertical component of 1 = 0.7071 = 3.54 in. [3b’ | 
stiffness = 2.75 & 10° & 0.3755 = 144,000 


Ib-in?/in . [28b’ } 


flexibility = 5/144,000 = 0.0346 X 10~ in/Ib in. 
. . [28a’] 
expansivity = 0.5 0.0346 x 107° & 3.54? 
= 0.216 X 107% in/(Ib/in) . []4a’] 
(b) Flange Parameters 
A= 
I — 


f* = flexibility = 81 X 78/30 x 10° X 0.5 = 0.421 x 10-3 
[22a’] 


area = 2 X 0.5 X {18a’]} 


moment of inertia = (2/3) 0.55 K 6 = 0.5 in.*. ..[18b’] 


in/Ib in... 


8¢ pci in the figure should read pef. 
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«* = 
< 10-3 in ‘(Ib/in) 

(c) Interaction Parameters 
py = 
= 
Influence coefficients 


A=! 
ty 


+ 0.1625 + 0.0411 + 0.2831 + 0.0534 
0.0881, tas = tu, = 0.1305, tus = 1. 


(d) Applied Loads 
Weyi = 
= 2507 (65.8/12)? &* 96/12 
= 191,000 Ib 
‘ight of liquid in conical portion 
= (250/3)9r X 107.7 
27,000 Ib 
total weight of liquid = 191,000 4 
= 218,000 Ib 


W, = weight of steel container = 


W, = 


W = total supported weight = W, + W, 


= 230,000 Ib 
W’ = 


weight y7?* of liquid = 33,000 Ib 


Temperature gradient in shell = 7” = 
flange per vertical inch 
VD = 
ture 
= 230,000/2r K 78 = 0.46094 
UB 
1.408 


VW *apptied == moment applied to flange = 
= 0.4694 


(at radius a) 


10? x 3 = 


) Edge Defor mations of Severed Shell 
Membrane deformation 


= (230,000 + 
0.707 


66,000) (27 


= 0.0001 rad 
= ).00138 in. 
2 Temperature deformation 


xX» = 10* & 78 X 10 = 0.0078 
by = 0 

(f) Deformations of Severed Flange 
S*M*apptiea = —0.4213 X 1.408 = —0.594 


Xx." = 


5° = 


= CXm* = 0.594/2 = 0.297 in. 


(gq) Misaliqnments 


xt =X. tT Xe + , + xe” + f*ceV cot @ 
= 0.0001 + 0.0078 


= 6, + by — 6,,* — bo* 


= —).00138 + 0 — 0.297 — 0 + 0.066 = 


flexibility ratio = 0.346/0.421 = 0.0822... 


expansivity ratio = 0.0351 0.216 = 0.1625.. 


10° lb /in 


0.594 + 0 + 0.0990 = 


expansivity = 81 X 78/30 * 10° X 6 = 0.0351 


[22b’ | 


[l5a’} 


[150" | 


= 1.540 


f 
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. (17'] 


weight of liquid in cylindrical portion 


27,000 


12,000 Ib 


[34 


10 deg F drop toward 


vertical load per inch acting at flange-shell junc- 


[33a’ } 


[40 | 


<x 10° in. lb /in 


. (40°) 


(37b’] 


[37a’ | 


[la’ 


[1h’] 


—0.487 
. [13c’"] 


“(ce + €*/f*c)f*cD cot @ 


4).232 in. 


.{13d"} 


STRESSES AND DEFORMATIONS OF FLANGED SHELLS 


(hk) Edge Reactions 
MW = (tay/f xt + (ts/fl, bt 


(-—0.088 1 /0.0346 )(— 487) + (0.1305 0.1226 
(-—232) = 990 in. Ib/in 

(tiy/flL xt + (tos /fl,26t 

(0.1305 ,/0.1226 ) 


= 240 lb/in 


487) + (-—1.406, 0.432) 
t* 
K* = 
(7) Resultant Flange Deformations and Stresses 


‘ ci* ) 
+ 0.355) = 


= 990 in. Ib/in 


240 — 469 = -—-710 lb/in 


x* = f*( M * seolied + m* 
0.4213 (—1.408 + 0.990 0.0266. .[la’] 


(rotation which causes shell sagging) 


o* = 


e*3C* — cx* 
0.0351 0.0116 in. 
[1b"] 


(radial shrinkage of lower flange edge) 


0.710 + 0.5 * 0.0266 = 


0.0249 0.01383 = 0.0382 in [1e’] 
(radial shrinkage of upper flange edge) 

E6*/a 
10° « 0.0116/78 = - 4500 psi [24a’] 
(hoop compression of lower edge) 
14,700 psi [246] 


(hoop compression of upper edge 


(j) Resultant Shell Deformations 


fl 30/2 | 


X = Xe +xXv + FM 
= 0.0001 0.0078 + 0.0346 
0.1226 * 0.240/2 = 0.0273 
5 = 6, (N/1,) + } 
= —0.00138 + 0 -— 0.216(0.990 /3.54) 
+ 0.216 « 0.240 = —0).0098 in. 


x 0.990 


= 
+ 08 


The slight discrepancy between the present values and the flange 
values given in the foregoing equations must be attributed to in- 
accuracy due to slide-rule calculations. 


(k) Resultant Shell Stresses 


1 Membrane stresses in edge region. Meridional tension du 


to = = D/sin ¢ is 


»~- 


(469 /0.707)/0.375 = 1800 psi 


Pom - 
Azimuthal tension due to No,, = Ois 


= (0 


Fam [36"] 
Meridional 


due to edge load action is 


2 Edge values of edge load stresses (filastic). 


bending stress ¢,,; and 7, 


ah 


o.4, = —6 X 900/0.3752 = ——42,500 psi [36’ 


(inner surface, compression 
O45. = +42,500 psi oe 
(outer surface, tension 

Meridional tensile stress « 
C1 = aU cos h 


= 240 0.707 /0.375 = 450 psi (tension 





Hoop tensile stress o@ is 


3.30 ( 
= 3.30 ( 


OW + 5l,)/h? 
990 + 240 * 3.54)/0.375? = 


Cn, = 
3300 psi. [26°] 
(hoop compression ) 


Hoop bending stress is 


0.3 X 42,500 = —12,800 psi 
(compression, inner surface ) 


+ 12,800 psi (tension, outer surface ) 


3. Edge values of combined shell stresses (filastic ) 
Meridional 


oO + oO + 


zm at 


= 1800 + 


Ts 
550 — 42,500 = —40,200 psi 

(compression, inner surface ) 
Crim + On, +0 


= 1800 + 


550 + 42,500 = 44,800 psi 


(tension, outer surface ) 
Hoop 


Com Tt TH, TF 


m 


= (0) 


UO.» 
3300 12,800 = 16,100 psi 

(compression, inner surface 
uo, 
33000 + 


Tam + OH, + 
=0 12,800 = 9500 psi 


(tension, outer surface ) 


4 Edge-load stresses at distance 0.751, below edge. At the edge 
the horizontal force 3C causes no bending stresses. 
stresses are produced where e~" sin 2 is maximum. 
ata distance n = d/l, ~ 0.75, i.e., 0.751, ~ 2.7 in. below the edge, 
when measured vertically, or 0.751 ~ 3.7 in. 
edge, when measured along the meridian. 


Its maximum 
This occurs 


away from the 
It is always desirable 
to check stresses 2/3 to 3/4 attenuation lengths away from the 
edge, because of the possibility of an increase in stresses a slight dis- 
tance away from the edge. 


Atn = 


3/4 Formula [26] gives 
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M, = 0.6683 — 0.3225C/, 
661 — 274 = 380 lb in/in 
This moment creates bending stresses 
O4 = ¥6M,/h? ~ ¥ 16,100 psi 


The meridional tensile stress at n = 
0.75 can be disregarded, while the hoop stress at distance 0.75/ 
from the edge is 


on inner and outer surfaces. 


Oe, = 3.30 (—0.024N + 0.346 5C1,)/h? 


= 6300 psi (hoop tension) [267 | 


In the present example the stresses are, atn = 3/4, appreciably 


below their edge values. Beyond n = 3/4 location the stresses 


can be expected to fall off still more rapidly and, at 2.51 ~ 12.5 


in. distance, ~ 8.6 in. depth, their values will be roughly 10 per 


cent of the edge values. Clearly, the discontinuities at the flange 
and at the knuckle leave each other unaffected, and thus the two 


conditions can be evaluated independently. 
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A Numerical Solution tor the Nonlinear 


Deflection of Membranes 


By F. S. SHAW? anv N. 


A numerical method of solution for the nonlinear de- 
flection of thin flat membranes subjected to normal forces 
as well as forces in the plane of the membrane has been 
given by Hencky. The equations he solved were first de- 
rived by Fippl, and they also follow directly from the von 
Karman nonlinear plate equations on formally making the 
plate stiffness zero. Foéppl’s equations are two in number, 
one being of fourth order and the other second. The un- 
known quantities are a stress function and the normal dis- 
Hencky’s method of solution does not seem 
capable of easy generalization. The same class of mem- 
brane problems is reconsidered here. By casting the prob- 
lem entirely in terms of displacement components three 
simultaneous nonlinear second-order partial differential 
equations are obtained, and a technique is here devised 
by means of which these equations can be solved without 
difficulty using finite-difference approximations in con- 
junction with a relaxation-iteration procedure. Various 
simple preliminary examples are discussed, after which an 
example involving a rectangular region is considered in 
complete detail. The technique devised can be used for a 
region of any shape, including the case where the bound- 
ary is curved, and also for any arbitrary given load system. 


placement. 


DERIVATION OF GOVERNING EQUATIONS 
INTRODUCTION 


1 A numerical solution for the large deflection of thin flat 
membranes which are subjected to normal forces as well as ex- 
ternal edge forces in the plane of the membrane has been con- 
sidered by Hencky (1).* The equations he solved follow directly 
from the von Karman large deflection flat-plate equations on 
making the plate stiffness identically zero. 

The von Karman equations for the large deflection of a thin 
flat plate of uniform thickness are (2) 


E(w,?,, WyesWyy) \ om 


(h/D)}(q/h) + F,,,u + F QF eyWrey} | 


Vv iF 
Vw 


ryy sre rrr yyy 


where 


! The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research under Contract 
N6onr-26308 with the Polytechnic Institute of Brooklyn. 

? Associate Professor, Polytechnic Institute of Brooklyn, Depart- 
ment of Aeronautical Engineering and Applied Mechanics. 

’ Research Assistant, Polytechnic Institute of Brooklyn, Depart- 
ment of Aeronautical Engineering and Applied Mechanics. 

4 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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at the Annual Meeting, New York, N. Y., November 29- December 4, 
1953, of THe American Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 12, 1954, for publication at a late: date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics Di- 
vision, April 2, 1953. Paper No. 53—A-36 
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Vis the biharmonic operator, i.e 
- » er : 
VF = Press + 2F sayy T F uve 


w is the lateral (i.e., normal) deflection, g = g(z, y) is the applied 
normal load intensity, A is the plate thickness, D its stiffness, E is 
Young's modulus for the plate material, and F is a stress function 
related to the forces per unit length in the plane of the plate by 
the formulas 


AF \ 


‘vw vu 


re. we hF e, 

By formally making the stiffness zero, there follows from Equa- 
tions [1] the two simultaneous nonlinear equations in the mem- 
brane deflection and the stress function, namely 


VF = E(w’,,, W 5,0 
(q h t F, : 


‘wy 


° . . OL . —_ 
Wien + FresWiyy 2F 22, = 0 


which are the equations solved numerically by Hencky (1). The 
equations themselves were first obtained by Féppl (3). 

Of the two Equations [2], one is second order and the other is 
fourth order. While techniques exist for solving fourth-order 
partial differential equations by numerical means (4), the dif- 
ficulties to be overcome are rather greater than those associated 
with a second-order operator. Accordingly, the Hencky mem- 
brane problem is here considered numerically in terms only of 
displacement components rather than in the Fépp! formulation. 
By so doing the differential equations corresponding to Equations 
[2] become all of second order with, however, the price that they 
are three in number instead of two. 

It must be emphasized that the problem being discussed here is 
that of a membrane, i.e., a thin flat structural element of constant 
small but finite thickness and possessing zero bending stiffness. 
From this viewpoint, although such a membrane may be regarded 
almost everywhere as an approximation to a very thin flat plate, 
the essential connection between the two, namely, the edge 
boundary-layer effect discussed by Friedrichs (5), is automati- 
cally precluded from consideration. 


GOVERNING EQUATIONS 


2 Although the nonlinear deflection of a membrane is discussed 
by Timoshenko (2), it is of interest to reformulate the problem in 
To do so® we consider a thin, flat unstrained mem- 
The 


membrane is to be loaded by a (compressive) force of intensity 


detail here. 
brane of arbitrary contour C and region # in the x;, r-plane 


2) which will act in the zs-direction. 
Let u, (i = 1, 2,3) be the resulting displacement components in 
More particularly, we assume 
= Ua(Ti, 22) everywhere, (@ = 1,2); us = us(X, Ze 


We impose the restriction, however, that 


Pp = p(n, Fe) 


the directions of the z,-axes. 


Ua on middle 


surface of membrane. 
squares and products of derivatives of uw; and us are small com- 
pared with those of u; and so can be neglected, 


* It is convenient to use Cartesian tensors in this connection. Thus 
we identify 21, 72, 23 with the usual Cartesian co-ordinates z, y, z, and 


us with the familiar u, v, w-com- 


displacement components ui, ua, 
ponents. 
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With these assumptions, the general nonlinear strain-displace- 


ment relations® 
es, = (Uy,5 H Uys H Maite.;)/2, 


reduce to 


f ” 
= (iy tt Mar 


= (v2.2 + Us?2) 
= (l2 TT Man Tt M313,2 
= (31 + M3 .1M3.3) 2 
= (us,2 +- kg oth 3 2? 
and ¢3; is as yet unspecified. 

Next, we assume that the normal stress 03; is zero everywhere, 
and so, from the general linear stress-strain law 


deduce that 


és = —€aa/(1 vy), (a = 1, 2) [4a] 


( 
Here, EF is Young's modulus and v is Poisson's ratio. 

For equilibrium it is then necessary that, in the absence of bods 
forces, the potential energy V 


1 
V = ae 0, ¢,aV f,, T,u,ds [6] 


be stationary for arbitrary variation in displacements. In this 


expression 0;; = 0,;(e;;) via the stress-strain law Equation (5), 
and an Sz, surface is one for which 


fi u,6T dS 
Ss 


This minimum potential-energy principle is usually 
relations; 


vanishes, 
stated and proved for linear strain-displacement 
however, with suitable interpretation it is true for the nonlinear 
Relations [3] also. 

Using Equation [5], Equation [6] becomes 


% E v y 7 - 
' ~ 90] — f, “1% Ts nn d — fi, Tomas 
P f + — iv 
= 21 + p) Vv Cees [> Cig O53 ) 
mes f, pusdA —f. T; u,dS. ~ 


where 7 is the plan-form area of the membrane, i.e., the region in 
the x, 2:-plane bounded by the membrane contour C, S is the edge 
surface of the membrane, i.e., the surface formed by the contour C 
and the membrane thickness h, and p = p (2x, x2) is the surface 
traction applied in the z-direction on the membrane sur- 
-h/2. 

Using Expressions [4] and [4a], and neglecting the effects of 
013, O23, on substitution we obtain 


face x3 = 


® Note that the summation convention is being used. Thus where 
a letter subscript is repeated it is implied that the repeated subscript 
is to be given all possible values (i.e., 1, 2, 3 here) and then the 
quantities involved are to be summed. For example 


~ 
Ukitke, = Ub Ge.; 
k 


= UG TP Usedej; Pt Usius.; 


(i,j,k = 1, 2,3).... [3] 
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E » 
21 + vp) Jv \ ie a — Sp 0 d\ - fi, pwd 
E oy 
" 2(1 + v) 1 CaBeCasp + I y “ae 38 dt - fi, pueda 


S_ £8, ) 
= ) 4 : ; 2 
21 +p) R 4 ba. 8 tZ.a Usa U3,.B) 


v 


) (Qua,a T M3.a Nye (2ug 8 t+ U;,8 Uy.) 
~? 


2(1 + v) 
— ( ” put aa, (a, B = 1, 2) rer 


Eh 

For equilibrium we require 6V = 0. Using Equations [7] and 
[8], and considering first all the terms involving only integrals 
over the region FR, equating 6V to zero leads to a set of three 
simultaneous nonlinear equilibrium equations expressed in terms 
of displacement components u;._ If, now, we write u, v, w instead of 
u(t = 1, 2,3), and z, y in lieu of ra, (a =1, »), these equations are 


V2 + (tyre — Vy) + (1 + ¥)r,2, = —{(1 + vw, w,., 


+ 2w,,w,,, + (1 — VW, 2, yy} 
Vv + (%,, We) + (1 + ¥)U,sy 
= —j}(1 + VW, W,2y + 2W,,W,,, + (1 — V)W, W,22} 
W,..(3w,," + w,,?) + W,y,(W,2* + Sw,,*) + 4W,50,,W, 2, 
” (,4( 2, ee a Usyy + V,2y) r W, (20, yy + ue T Usey 
= V,22)} 
Qf wyee(Uye + My) + (L—v)weyl(try + 2) + Wry yl, 


+ vu,,.)} . 2( 1 


+ YW, .(0,2y — Uyyy) + VW, (U, ey 


— v?)p/Eh 
Here wv, ,? (for example) means (0w/0.c)?. 
BounbARY CONDITIONS 


3 The term so far ignored in obtaining the variation of V, 


J T,u,ds 
Ss 


contributes only to the prescription of possible boundary cou- 
ditions for this problem. To this term there will be added, as « 
result of the computation that gave Equations [9], other S edge- 
surface integral terms also, and as a result of all of these terms it 
will be found that various types of boundary conditions are 


namely 


possible. 
One of these sets of conditions is the requirement 


u=O=v=wonCld [10} 


and these are the conditions we will use here. Other alternative 
possibilities will refer to various edge-traction specifications; 
however, these will not be considered here. 

4 For later use it is convenient to write down, explicitly, ex- 
pressions for the stress components in terms of displacements. 


~ 


From Equations [4] we have 

Cre = Use Us Woa®) y 

a 

Cyy = Ny + W,,4*/2 

Czy = (Uy + %, + Ww, ,W,y)/2 

Cog = —(Onn + eyy ¥/(1 ae 
Hence, Using the stress-strain law, Equation [5], it follows im- 
mediately that the stress components of interest are given by 
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+ (w,,? + vw,,?)} 
2)! 


{11} 


NONDIMENSIONALITY 
5 Before discussing the numerical solution to any problem it 
is advisable to recast the governing Equations [9] in nondimen- 


sional form. To do this, we put 


z=&L, y= nb 


9 
u=ub, v=OL, [12] 


h=hL J 


w= wl, 
where L is a representative dimension of the membrane, e.g., the 
length of one side. With these substitutions we have 
v3) 1 oO 
= L at gees 
1 oO 
L? og’ * 
and so 
ow 
ar mre 
Ow 1 OF 
az? OL ro 
Using these, the three differential Equations [9] become 


) 


(d,ge + tyyn) + (Uiyge Viijyn) + (1 + VD, Eq 


= —{(1 + v)@yniyeq + 2wygidyeg + (1 — PD gti ran} 
(B,g¢ + Pon) + (Pom — PP ge) + (1 + YD tLe 


= —{(1 + v)it,gPcq + QW qtiyyy + (1 — v) a qlee} 


w,e¢(3w*,g + W,2_) + Wryn( tg? + 30,2) + Sw, gd, yD ey 
= —K | 

{wW,e(2t,e¢ + tlyyn + Den) + Wyy(Qlyny + De + Hen) 
+ vit,2(B,ey - 


VW, En( ty + Be) 


| 
fi,yn) + ViD,_( t,t — B,e¢)} | 
2{ Wyee(H,¢ + vI,n) + C1 


+ Wryn(By + vii,e)} | 
where K is the nondimensional quantity 


K = 2(1 — v*)p/Eh... [13a] 


For any given problem the number K is specified completely. 
For computational purposes, however, it is convenient to be able 
to choose instead of K some other number, say, D, which is more 
suited to the problem. 

To facilitate this choice we introduce other weighted nondimen- 
sional displacement components 

ai = u(K/D)**, 6 = 2(K/D)"*, w = w(K/D)'/*. .[14] 
If the applied load is assumed to be uniform, substitution of 
Equations [14] in [13] yields 
(ujee + Un) + (Ue — Yuan) + CL + Pde en 


= —{(1 + v)wewen + 2urewrce +(1 — Ywrewran} 


Sse 


~ V)W,nW, te } 


) 

(vee + Bom) + (209 — Puree) + CL + Yen | 
= —{(1 + v)wewen + 2v2¥.99 + (1 | 
{ 


wree(Sw%,e + w,2y) + Wionlw,2e + 30,29) + 4w,ew Wren 


= —D — [wye(2uge + tron + Bren) + wal Qin + Bee 


+ Uen) + Yw,e(L,En Usnn) + PWn( Ute — vee} 


2) wree(Me + PL») + (1 


| 
| 
V)W,En( Uy + ve) } 
| 


+ Wranlten + vue)} 
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where D is any arbitrary number. For finite-difference work it is 
convenient (as will be seen later) to choose D in the form 


D=n'p 


where D is a large whole number, and n is the number of sub- 
divisions or meshes into which the representative length L is 
divided when making the finite-difference approximations. 

From Equations [15] it can be seen that, although for non- 
linear problems of this class superposition does not hold, if for a 
particular shaped region a solution can be obtained to [15] then 
by using Equations [12], [13a], and [14] we have available also 
the solutions for all problems of that geometrical family. shape 
and for all magnitudes of uniform load.’ 

6 Finally, using Equations [12], [13a], and [14], the stress 
components, Equations [11], can be written in the form 


v?))(K/D)*/* ox 
v?)](K/D)** on» 
1 + v))(K/D)** o¢, 


{16} 


where @¢¢, are nondimensional stress components given 


by 


12(u,g + PW») + (wre + Pw,?, 
= [2(u9 + vue) + (wn + Pwr, 
oe ESE 

in + BE Hb Wrens 


As part of the results of any problem it will be of interest to 


compute the principal stresses. Using the relations 


o1, 0: = (o,, t Oyy)/2 a (Gz 


we can rewrite them in the form 


7s > . 2 > 
1, 02 = [{E/2(1 v?)}(K/D)*"Jo,, o: {18} 
where o;, o: are the nondimensional principal stresses and are 
given by 


01,0; = (ee + Tnn )/2 
= {(oee Onn)?/4 + (1 4+ v)*o¢gn?} “ 


2 SOLUTION OF MODIFIED w PROBLEM 
PRELIMINARY, SIMPLIFIED Test PROBLEM 


7 Tosolve particular problems numerically we will first intro- 
duce finite-difference equivalents for the various derivatives in 
Equations [15] and will then solve the resulting sets of non- 
linear, algebraic, simultaneous equations by a combined relaxa- 
tion-iteration technique. 

As an aid in solving these equations we act on the plausible 
assumption that, since the w-displacements are large relative to 
the other two, a solution to the third of Equations [15] obtained 
on holding u and v zero everywhere should yield a w-displacement 
pattern which will not differ appreciably from that of the com- 
plete solution to the three simultaneous Equations [15]. Thus a 
solution of this artificial, restricted w-problem should be a good 
starting point from which to attempt the complete solution of 
Equations [15]. 

Initially, then, we concentrate attention on the third of Equa- 
tions [15] in which it is assumed that both u and v will remain 
zero.’ In this circumstance that equation becomes 

7 This implies that if the deflection pattern is obtained experi- 
mentally, in principle it is only neces-ary to obtain the pattern for a 
uniform load of one chosen magnitude. Obviously, the extension to 
nonuniform loads is immediately possible. 

‘ The implication is that all points on the membrane middle surface 
deflect vertically only, which means that, although vertical equilib- 
rium is satisfied, horizontal is not. 
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wree(3w,2e + wi2y) + Winnlwy7e + 3w,2s) 
+ 4W,eW,nW,t = —D 


(20) 


and we consider the solution of this equation, together with the 
condition that w = 0 on the boundary C, as a problem in itself. 
Since, from now on we will only be considering nondimensiona! 
problems, in the following it will be convenient® to drop the bars 
under the nondimensional displacements u, v, w. In any places 
in which doubt could result the independent variable, z or &, and 
so on, will be indicated; consequently, no confusion should arise. 

8 Before discussing the general method of solving Equation 
{20} two special problems are of interest. They are the solutions 
to Equation [20] for an infinite strip and for a circular region 
since, for a uniformly applied normal surface traction, exact 
With these known they can be 
used to give an indication of the accuracy of finite-difference solu- 


solutions are readily obtainable. 
tions. 
We consider, first, the infinite strip 


L/2 


1/2 


j« 


Since the behavior of w is now independent of , Equation {20} 


becomes 


[21] 
Keeping in mind symmetry, we have as boundary conditions 
w(t) = Ofor & = —1/2,1/2 
with the consequence that 
we = Ofor— = 0 


The solution of [21] 


[22] is” 


Equation with boundary conditions 


w(t) = (3/4)D'/*{(1/2)'* — &%} [233] 

% As already mentioned, to obtain an approximate numerical 
solution to Equations [21] and [22] we first east Equation [21] in 
finite-difference form. To do this let the points7,7 = 0,1...,n be 
points uniformly spaced a distance a apart in the interval —1/2 < 
& < 1/2. Thus, with » subintervals we have 


na = 1 


Let points b, d, e, f, g, be any consecutive five of these points, 
and let the (nondimensional) normal displacements there be 
Wp, Wy, Wy, Wy, Wy. In addition, let @ and B be points midway be- 
tween d and e, and e and f, respectively, see Fig. 1. 

os 2g 
RaeR . - ss 


we ae Fe 





Then we have as an approximation 
(wie) = (wy, — w,)/(E, - 


= (w, — w,)/a 


® For printing purposes. 
' See Appendix 1. 
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and 


(Wea = (wv, - 


In the same way we can write 


If 993 \ ' =_ | 3 . 
wees. = (wires 


= (wy— wu, wy) | /a* 


Hence, at point e, instead of Equation [21] we have a finite-dif- 
ference approximation 
7+ a!p =0 


(w, — w,)? — (w, — wy [24a] 


Similarly, at points d and f the finite-difference equations are 


; uw, + aD =0 
%+aip=0 


(Wy > (24h) 

(ws — w, , 
and there will be one such equation for each internal point of sub- 
division of the interval [——1/2, 1/2]. 

10 To solve this set of simultaneous, nonlinear, algebraic 
equations by relaxation methods (6) we first must obtain residual! 
operators. The 

24a} and [245] we have 


and relaxation former follows immediately. 


From Equations 


(wy-— w,)? + atD 
(w,-— wy)? + atD 
(w,-— w,)? + atD 


wy)? - 
w,)3- 


w,)3 - 


where R;, i = 1,...,d,e,f,...,n — 1, is the error, or residual, at 
each internal point 7 for any given set of displacements {w;, | 
which is not a solution to the complete set of Equations [28]. 


Continuing, from Equations [25] we obtain 


dR, 
dR, 
dR, 


= 3(w, w,)?(dw, — dwy,) 3(wy — w,)*(dw, — dw, 


3(wy w,)?(dw, — dw,) 3(w, w,)*(dw, — dw,) 


3(w, — w,)?(dw, — dw,) — 3(w, w,)*(dw, — dw,) 


from which, for dw, # 0, dw; = 0 for i # e, it follows that 
dR, 
dR, = 
aR, 


= 3(w w, )2dw 
e d e 


3 {(w, w,)? + w4)? {dw, 


‘ 2 
= 3(w, — w,)*dw, 


and all the remaining dR, are zero. 

It is convenient now to introduce a different subscript notation 
for naming the subdivision or mesh points. Let point ¢ be the 
central point of any group of three consecutive points, with 
points r and / the immediately adjacent right and left points, re- 
spectively. Then, from Equations [25] the general residual 
operator is 


(w, — w,)? — (w, — w,)? + aD = R, (26) 
and the general relaxation operator is made up from the compo- 


nents 
dR, = 3(w, — w,)*dw, 
dR, = —3 {(w, - 
dR, = 3(w, 


a . \ _ 
w.)? + (w, w,)? }dw, ?. [27] 
| 


w,)*dw, 


Following the relaxation literature the relaxation operator can 
be presented graphically as in Fig. 2. We see that the general 
operator depends in a nonlinear manner on the instantaneous 
magnitudes of w associated with the three points, or star, centered 
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Pic. 2) Generar RELAXATION OPERATOR 

at point c. This is a complication introduced by the nonlinearity 
of Equation [21], and it slows down considerably the speed of re- 
laxing in the residual-liquidation process. Thus, for each in- 
dividual residual-liquidation step, the local relaxation operator 
component magnitudes must be calculated afresh. 

General details of the relaxation process will not be discussed 
here; further amplification can be obtained elsewhere (6, 7, 8). 
However, it can be said that this feature just mentioned, that is, 
the changing nature of the operator, need not be adhered to 
rigidly for computation purposes. For instance, when the dis- 
placement w at the various mesh points are approaching the solu- 
tion of the set of finite-difference equations, the numbers (i, 

w,)?, and so on, can be regarded as remaining sensibly constant 
for several relaxation steps even though, in fact, they do not do 
so. Hence, after a time it only becomes necessary to recalculate 
the magnitudes of the relaxation operators every now and again 
and, although in between such revisions the operators will be in- 
correct and use of them will introduce errors into the residuals, 
If this modified procedure is 
adopted, as a consequence it becomes necessary to compute the 
correct values of the residuals fairly frequently by means of Equa- 
tion [26}. 

One other point should be noted. Since Equation [21] involves 
the first derivative of w, for the current and similar problems 
possessing symmetry the interval [——1/2, 1/2] must be sub- 
divided into an odd number of equal intervals. The center point 
of [-- 1/2, 1/2} cannot be a mesh point, for if it were no relaxation 
operator would be available with which to manipulate the residual 
at that point. 

11 For the infinite strip being discussed the interval [- 
1/2} was subdivided into eleven equal intervals, so that 


j 


these errors usually will be small. 


1/2 


n=11, a=I1/11 


Because of symmetry it was necessary only to consider the range 
0Osés1/2 


and the boundary conditions [22] were satisfied by keeping wv, = 
0 and ws = we throughout the relaxation process. The value of D 
in Equation [21] was chosen as 


D = 3000(11)* 
so that 
a‘D = 3000 


No difficulty was experienced in obtaining a solution, and con- 
vergence of the relaxation process was fairly rapid even though a 
poor initial set of displacements was chosen deliberately. In fact, 
the chief time-consuming factor was the changing nature of the 
relaxation operator. 

The solution to the problem, together with the corresponding 
displacements computed from the analytical solution, Equation 
[23], is given in Table 1. As can be seen the agreement is excel- 
lent. 

Having obtained a solution, one question presents itself im- 
mediately: Since the finite-difference equations are nonlinear, 
why should the foregoing procedure lead to the desired answer? 

To investigate this the interval [—1/2, 1/2] was subdivided 
into five equal parts and the associated finite-difference equa- 
tions written down using Equation [23]. Since the deflection is 


A NUMERICAL SOLUTION FOR THE NONLINEAR DEFLECTION OF MEMBRANES 


TABLE 1 SOLUTION OF TEST PROBLEM AND 


DISPLACEMENTS 


- Displacement - 
rw we, we was weer ws,us 
Relaxation 

solution 24 72 47 65 
Analytical 
solution 


68.46 86 61 101.01 


24.68 47.56 68.35 86.49 100 75 
zero at the end points, symmetry reduced the number of independ- 
ent unknowns to two. Solution of these two simultaneous cubic 


equations showed that only one set of roots was real 
SECOND SIMPLIFIED PROBLEM 


12. The second simplified problem of interest is that for which 
the region is a circle of radius R. Again, the loading is taken as 
constant, and the edge displacement w as zero. 

To solve this problem it is convenient to transform Equation 
[20] to (r, 8) co-ordinates. On so doing, and noting that the de- 


flection is independent of 6, Equation [20] reduces to" 


(| d\ { dw )’ of »/EA 
r . dr dr i - ate 


To make Equation [28] nondimensional put 


r = ER, wR, h =hR, 2A1--v?)p/Eh = K 


w= 


which transforms Equation [28] to 


(; 4) (42)’ . 
& di} \ dé 


For computational purposes again we put 
= w(K/D)"* 


where )) is any arbitrary constant. This yields the desired equa 


+ = —)]), 
s dg dg 


with boundary conditions 


tion 


O<:i< (29 | 


w = Oforé 1 
w,¢ = Ofor — = 0 


The solution to Equations [29] and [30] is'? 


w = (3/4)(D/2)'"* (1 — 31] 
Again, with the understanding that only nondimensional quan- 
tities are involved, we can drop the bar from w and write w = 
w(£), or simply = w. 
13. To derive a finite-difference approximation to Hquation 
[20] the procedure follows that already discussed. Referring 
again to Fig. 1, for (d/d&)w',, we have 


{(w,e),¢ 1. 


However, for the remaining term w*,;/£ it is necessary to use an 
interval of 2a. This yields 


fw32/E}. = {(w, 


so that for any central point c of a three-point approximation the 
finite-difference equation corresponding to Equation [29} is 


(w, w,)* (w, u,)? + (w, w,)?/8(E./a) = —Dat*. . [32] 


'tSee Appendix 2. 
'?See Appendix 3 
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where a = 2/n and n is the number of intervals into which the 
domain of 2 (i.e., the nondimensional diameter) is subdivided. 

The method of solving the set of finite-difference equations of 
which Equation [32] is a typical member is identical with that 
already outlined. It will not be discussed further. To specify 
the problem completely n was taken to be 11; ie., the unit di- 


DIAMETER = 2 
NON -DIMEN SIONAL 
RADIUS = UNITY 


$ 4 3 2 





Pe eee 
é 


¢ 
tog 


Fic. 3 


ameter was subdivided 


that 


into eleven equal intervals, see Fig. 3, so 


a = 2/11 


and D was chosen to be 3000 (11/2) The numerical! solution 
obtained, together with corresponding results computed from the 
analytical Solution [$1], are given in Table 2. 


TABLE 2 SOLUTION OF SECOND SIMPLIFIED PROBLEM 


-~——- Displacements w(t)—— 


we wi us wi we u's 

telaxation 
solution....... 0 

Analytical 


solution 


19.76 38.19 55.08 70.18 83.47 


19.58 37.74 54.23 68 61 79.94 


This relaxation solution is not as accurate as that ob- 
This is because the finite- 


14 
tained for the infinite strip problem. 
difference approximation to the first term in the governing dif- 
ferential Equation [29] is less accurate than the second 

Accordingly, for interest it was decided to decrease the sub- 
division length a and so obtain a second approximation. On 
taking n = 25 and retaining D as 3000 (11/2)* the second solution 
is given in Table 3. Here the agreement is much better. 


TABLE 3 


Relaxation solution 
Analytical solution 


Turrp SimpuiFiep PROBLEM 


15 With the two foregoing problems as guides for technique 
we consider, finally, a finite two-dimensional simplified w(£, 7)- 
problem. Except for the fact that the residual and relaxation 
operators become more cumbersome the general method of solu- 
tion will remain unaltered. 

Let R be some closed finite region in the (£, 7)-plane with 
boundary B. The problem is to solve the equation 


D. [20] 


w,ge(3w,%¢ + W,29) + Wyyg(W,2¢ + Bw, 9?) + 4, 2, qW en = - 


in R, with boundary condition that on B 
w= 


To derive a set of finite-difference equations corresponding to 
Equation [20] let a square mesh of 
lines be superposed on R, the lines 
being parallel to the — and 7-axes, and 
the squares being of side length a. Let 
Fig. 4 represent portion of R, and let 
the point ¢ be any internal point of the 
mesh. 
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With point c as center let a set.of nine mesh points be named as 
shown, and let the w(£, 7)-displacement at point c be w,, and so on. 
Then, from Fig. 4, we have finite-difference approximations 


(w,e), = (w, -— w,)/2a 


(w,,). = (w,-— w)/2a 


(w,eele = (w, + wi -— 2w,)/a? 


(Wrande = (Wr + wy — 2w,)/a? 


(Wty). = (Wy —- Wy + Wy — W,,)/4a? 


Using these, an 
point c, is 


approximation to Equation [20], evaluated at 


» 
oLw, - 


(w, + w, — 2w,) | uw)? + (w, -— w,)* } 


+ (w, + w,-~— 2w,) {[3(w, — w,)? + (w ~)?} 


r 


+ (w, — w1)(w, — w)(w, — wy + Wy — wW,,) = —4a‘D. . [34] 


and there is one such equation for each nonboundary mesh point 
cin R. 

16 The derivation of the residual and relaxation operators 
need not be discussed in detail; the procedure follows that al- 
ready given. For the general residual operator we have imme- 
diately 


(w, + w,-— 2w,) [3(w, (w, + wy — 2w,) 


{3(w, - 


Ww, )(W, -— Wy) Wy, *— Wy + Wy - 


w,,) + 4a‘D = R, 


To write down the relaxation operator in general form it is con- 
venient to introduce further meaning into the subscript notation 
used in naming the mesh points in Fig. 4. Point ¢ is, of course, 
any mesh point defined by the mesh superposed on R. Point c is 
also the center point!’ of the general nine-point star c, l, r, t, b, tr, 
tl, bl, br, and it is obvious that the letters r, /, ¢, b stand for right, 


ALTERNATE SOLUTION TO SIMPLIFIED PROBLEM 


Displacements w(t 
wr ws 

63.0 

€2.00 


69.2 
68.08 


left, top, bottom, respectively, implying that (for example) point 
tr is the point immediately adjacent and top-right to c. 

However, on a nine-point star with center point c, the point r to 
the right of c is also the center point for another similar set of nine 
points not specifically indicated on Fig. 4; and, relative to point r 
as center, the point c shown in Fig. 4 is the 1 point. Without in- 
troducing further letters we can indicate this by using a set of 
curly braces with subscripts inside and also outside the right- 
hand brace. For example, in the quantity 


{(w, — wi)(...)}, 


the deflection w; inside the brace refers to the deflection w of the 
point to the left of the point r shown in Fig. 4. It is thus actually 
the deflection of point c of that figure. On the other hand, the de- 
flection w, in that quantity is the deflection of the point to the 
right of point r in Fig. 4, and that point is not indicated or named 
explicitly. 

With this understanding the components of the general relaxa- 
tion operator for any point c are 


13 Irregular stars, that is, stars for which the arms are not all of 
length a, will not be discussed here. 
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dR, = - 8{(w, — wi)? + (uw, w,)* | dw, 
dR, = {3(w, -— wi)? + (w, — w,)" 
(w, w,)(6(w, + wr 2w.) + 2(w, + w, — 2w,)] 
—-(w, Wp )( Wy Wy + Wy w,,) | dw, 
13(w, — wi)? + (w,-— w,)? 

w;)(6(w, + w,-— 2w,) + 2(w, + w, -— 2w,)] 
+ (w, w,,) | dw, 
dR, = {3(w,- 
(wy w,)(6(w, + wy— 2 w,) 4 


Ww, (Wy, —— Wy Uy) 


dk; = 
+(w, 

W, (Wg, ° 
w,)? + (w, - 


- Wy + Wy 
w,)? 

2(w, + w, — 2w,)] 
—(w, w,,) | dw, 
{3(w, - 


w,)(6(w, + w, 


w,)2 


dR, = 


+ (uy, 


w,)? + (uw, 
2w.)] 


W,,) de, 


2w.) + 2 wy 
+ { wu, 
dR,, = {(w,- 
dRy = 
dRy, = 
dR,, = - 


Wp )(W yp -— Wey + Why 


wy )(w, ~~ W,) } dw, 


' . . . . { . 
{(ve, wy )(w, —— wy) } ade, 


{(w, ~~ wr) (2, w,) },du, 


{(w, —— w,)(w, wy) {padee, 


With the double subscript scheme of mesh-point identification 
it is a simple matter to set out and compute in tabular form all 
the quantities which make up this nonlinear relaxation operator 
for each and every mesh point in R. 

To solve a problem the operator can be used in the manner in- 
dicated for the one-dimensional problems. In view of the com- 
plicated nature of the general relaxation operator it is advisable 
to obtain a solution for a coarse mesh first, so as to avoid having to 
deal with too many operators all of which are numerically dif- 
ferent and all of which must be recomputed for each relaxation 
step. On obtaining the coarse mesh solution it can then be used 
as a basis from which to obtain a good starting approximation for 
a finer mesh solution, and in attempting to obtain the finer mesh 
solution the relaxation operators can be assumed to remain con 
stant for several residual liquidation steps. Errors so introduced 
can be corrected by recomputing at frequent intervals the correct 
residuals by means of Equation [35]. In practice this process 
converges to a solution fairly rapidly 

Again it should be mentioned that for a singly or doubly sym- 
metric region R the number of mesh spaces must be odd in one o1 
both directions because of the dw/OE or Ow/On factor in Equation 
{20}. For such a region, on proceeding from a coarse to a finet 
mesh it is not allowable to use a mesh size of (a 2)", m = 1, 2, 

, as this would introduce an even number of mesh spaces 
Further, if the finer mesh spacing was made to be (a/3)" it is 
likely that the number of mesh points so introduced would be 
unmanageably large. Accordingly it is suggested that the fine 
mesh spacing should not be taken to be a simple subdivision of the 
initial coarse mesh unless, perhaps, the coarse mesh be very 
coarse indeed.'* In any case, initial values for the fine mesh 
points can be obtained from the coarse mesh solution by graphical 
cross-plotting or by interpolation. 

17 For a two-dimensional “w-problem’’ example the region 
chosen was a rectangle of dimensions 


O<2<bh, O<y<5L/%i 


or in nondimensional units 


O<t<1, O< 9 <57 

The mesh size chosen was a = L/7, that is, n = 7. The con- 
stant D of Equation [20] was chosen® as D = 1000(11).* 

For this problem the w(£, 7)-displacements are symmetrical 
about the horizontal and vertical center lines of the rectangle. 
Hence, for numerical work, it was necessary to consider only one 

'4In this case a fine mesh of size a/3 will not provide an un- 
manageable number of mesh points. 

'S Obviously it would have been better to have taken D as 1000(7)*. 
The number 1000(11)* was a relie of some preliminary work. 
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fourth of the region. The foregoing choice of mesh size thus re- 
sulted in six internal mesh points, Fig. 5(a and 6). Using the 
relaxation technique, and with point relaxation only, a solution 
was obtained without difficulty. With w taken initially as zero 
everywhere the initial residual at each internal mesh point was" 
4000(11/7)*. The solution obtained is presented in Fig. 6 
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3. Souvrion or GENERAL u, v, w-PROBLEM 


IS With the “simplified w-problem” solved it is easy to devise 
a technique for solving the general u, », w-problem given by 


quations [15]. Essentially, we use a combination of relaxation 
and iteration, 

We commence with the w-solution just discussed. Here both 
uw and v have been taken as zero everywhere. Then, with w taken 
as remaining constant, using finite differences and the relaxation 
process we solve the first of !quations [15]. During this step the 
v-displacements are still assumed zero everywhere, and the w 
solution just obtained furnishes the initial residual pattern 

This u-problem is linear in the u-displacements, and so the re- 
laxation operator is linear and independent of the mesh point con- 
sidered. The relaxation procedure for this step is straightforward 
and well known 

Next, still with the w-values remaining unaltered, and now as- 
suming the u-solution just obtained to remain temporarily un- 
altering also, the second or 1 equation ol Equations [15] is solved 
This time both the u and the w-solutions contribute to make up 
the original residuals for this v-problem. Again, the relaxation 
procedure is simple and straightforward. 

This completes one cycle of the process of solution 

For the second cycle we now have available approximate values 
The number D, of course, remains unaltered 
With the 
available u, r, w-values we can now recompute the residuals for 
the third or w-equation of Equations [15], and so the process can 
continue stepwise, during each step two of the three displace- 


of u, v, and w 


throughout and depends only on the initial choice 


ments being assumed to remain temporarily unalterable. 

For the current w-step two alternatives are available. Re- 
ferring to the third equation of Equations [15] we can regard all 
quantities on the right-hand side of that equation as being tem- 
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porarily constant during this step of the second cycle, and form 
the relaxation operator from the left-hand side only. This would 
imply using the same w relaxation operator as that used in the 


foregoing simplified w-problem. Alternatively, a revised 
operator could be devised using all the w-terms in the third equa- 
tion, it being assumed only that u and v remain temporarily con- 
stant during this step. 

In the example to be discussed shortly both schemes were tried. 
Both schemes are satisfactory, but convergence of the process is 
much faster using the latter process, even though the relaxation 
operator for the latter is more complex than for the former. 

With the second cycle of w-computation completed, the second 
evele of u and of v can then be done, using the just obtained, re- 
vised, w-values to form initial residuals. 

This relaxation-iteration process can be continued until all 
three sets of residuals are (simultaneously ) sufficiently small to be 
neglected in comparison with the relaxation operators. Although 
tedious, the process involves no essential difficulties, and con- 
vergence seems rapid. About four cycles are necessary to obtain a 
solution. 

It can be noted that, unlike the simplified w-problem, for the 
complete u, v, w-problem an even number of mesh subdivisions 
can be used, for although w,¢ and w,, are both zero at the center 
of a symmetric region (for a uniform load p), w,g¢ and w,y, are 
not, and the same is true for u,¢ and p,». 

19 The residual and relaxation operators for the three Equa- 
tions [15] can be derived in the manner already described. For 
the first of Equations [15], using the previous notation we have 
for any mesh point ¢ the residual operator 


2u,) 


+ v)/8a5} 


v)/a® \(ug Uy 
Uy + Vy: — M,) + {1 
,,) + (w, - 


(2/a?)(u, + wm ? {a1 - 


+ {(1 + v)/4a? }(u,, 
9) >) 


(1, Ws )( We, Wy + Wy - uw, )(w, + w,— Qu, 


v)/2a? \(w, — w,)(w, + wy — 2w.) = (residual) 


that is 
9 a 
av jue + kK, 


= R’,.... 


2u, + 2u + (1- (1 — v)u, — (6- 


[37 ] 
where 


Kk, =(1 + Vee —— Veg TH Vey — Voy) 4 


+ (1 + v)(u, w,,)/8a 


Wy, )( Wy, —— Wy TF Wer 


2w.)/a + (1 


— 2w,)/2a 


w,)(u, + wy, 


_. [38] 


w,)(w, + Ww - v)(w, - 


For any one relaxation step in a cycle of the iteration process the 
quantity A, is just a number. Although different at each mesh 
point it remains constant during the step, and so needs to be com- 
puted only at the commencement of the u-stage of each cycle. 

From Equation [37] the u-relaxation operator is easily ob- 


tained for any mesh point c. It is 


dR’, = 2du, => dR,’ 
dR’, = (1 — v)du, = dR,’ 
dk’, = —(6 — 2v)du, 


£ [39] 


} 


This can be presented symbolically as in Fig. 7. As already 
mentioned the operator is the same, numerically, for all mesh 
points c. Its use is straightforward and simple. 

The residual and relaxation operators for the second of Equa- 
tions [15] are similar to those just derived. The residual operator 


vv, + 2v, + 2v (6-—— 2vyv. + J. = R",.. [40] 


where 
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up, )/4 + (1 + vw, w,) 


J, = (1 


(w,, 


+ V)(U,, Uy + Uy - 
UW, (WwW, + W, 


2w,)/2a. . [41] 


Wy + Wy w,,)/8a + (ww, - 


+ (1 — v)(w, w,)(w, + wy - 
As with A,, for the v-stage of any one cycle of the iteration 
process, J, is a constant which is different at each mesh point. 
From Equations [44], for any mesh point c the relaxation opera- 
tor is 


\ 


v)dv, = dR’, 
dk", 


2v dv, 


dR”, = (1 
dR", = 2dv, = 
dk”, = —(6 


[42] 


It is presented diagrammatically in Fig. 8. 
The operators for the third of Equations [15] are rather more 
complex. To derive them we rewrite that equation in the form 


du dr’ 


Fig. 8 v(&,9) RELAXATION 


OPERATOR 


u(~, 7) RELAXATION 
OPERATOR 


Fic. 7 


{wige(Sw,%e + w,2y) + Wryn(w,2¢ + Sw?) + 40,cW, nt, Ey } 


+ wi(E + vG) + w,,(F + vH) 
+ 2fweeh + (1 — v)wienM + wyy_N |. = —D 
where 
2u,ge + Usny + V,8q 
= 2ynn + YEE + UyEn 
= VjEn~— Uynn 
Usgn — SEE 
U,t + VV,» 
= Uy + yf 
= Vyy + VUE 
We note that the functions in the first set of curly braces are 
identical with those already discussed in §§15, 16, while the re- 
maining functions are linear in w. Also, the quantities FZ, ..., NV 
are all numbers which, although different from point to point, re- 
main constant throughout any one w-relaxation step of an itera- 
tion cycle. 


Finite-difference approximations to all the derivatives appear- 
ing in this equation have been discussed already. Using them, 
and also Equation [35], the residual operator for any mesh point 
c becomes 
2w,) {3(w, — wi)? + (w, — wy)? } 
w,)? + (w,- 


— W,,) 


(w, + w— 

+ (w, + w, — 2w,) [3(w,; - w,)? } 
Wy + Wy 
- w,)2a(F, + vA.) 


te + Wy — Wz, aM ./2 


w,)(w, — w,)(wWy, - 
w,)2a(E, + vG,) + (wu, - 
- 2w,)2eL.+(1- 

+ (w, + w— 


+ (w, - 
+ (w,- 
v)(2,,° 
2w.)21N,} + 4a‘D =.R,. . [43] 


2 {(w, -- w- 


where the numbers E£,, ..., N- are given by 
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= (2u, — Qu; Tea Tf Ou.) tT (%, Uy tt Uy” Us,_) 4 


(v, +t + 2v, + 2r, 6r.) + (a, Uy + Uy) Ug) /4 


= (v, Ua + Uy ~— Uy)/4 (u, + uy — 2u,) 


(Uy, — Ug + Ugy — U,)/4 — (v, + vy — 2r,) 
(u, — ug) + We, - 
(U,° Uy) Tr (v, - 


(v,-— v,) + (a, 


and a = 1/n, n being the number of mesh spaces into which the 
representative length L of the problem region is subdivided. 
Using Equations [36] and [43] the relaxation operator for a 


point c follows immediately. Its components are 


8 {(w, 


{3(w, - 


wy)? + (w, 


dR, 
dk, 


w,)? + a(L,+N,)} dw, 
w,)? + (w,-— w,)? 
(w, ~— w,)[6(w, + wy 2u’.) 
+ 2(w, + w,-— 2w,)] 
(Ww, - Uy, Wy Wy 
+ 2al(2L. -— (EF, + vG,.)| I, 
w,)? + (wv, w,)? 
w,)|6(w, + wv, 
+ 2(w, + w, — Qu, 
+ (Uv, wy, (Ww, uw, 
+ 2a[2L. + (EF, + vG. 
{3(w, — w,)? + (we, Ww) 
(w,-— w,)|6(v, + w, 
+ Zw, + wy, Qu 
(w, -— w,)(w, 
+ 2a[2N..— (F. 


* 
wp)" + (we 


te dw, 
{3(w, - 3 
w,) (600, + w, Qu.) 
] 


+ (w, 

+ 2w, + wy, 2w 

+ (w, uw, )(w,, ~— Wy + Wy, U,,,) 

+ 2a/2N. + 2(F. + vH,)| |, dw, 

via M.j,, dw, 
via M.\ 4, dw, 

via M.\y, dw, 
via M, 1, dw, 


dk, = w,)(w,~- w,) + (1- 
dR, = 
dRy, = \(u, 


dk,, = {(w, 


wy )(w, w,) + (1 
w1)(w;, u,) + (1 


uy Cw, w,) + (1 


The terms which have been added to Equations [36] to produce 
Equations [44] are numbers which are independent of the current 
magnitudes of w but are computed from the current u and v- 
pattern. They remain constant throughout the w-stage of relaxa- 
tion but must be computed afresh for each iteration cycle. 


RECTANGULAR REGION 


20 One problem was solved as an example of the application 
of the complete technique just discussed. It was the L by 51/7 
rectangular membrane which formed the third example of the 
simplified w-problem, and for that example a solution was ob- 
tained on a mesh of size a = 1/7, Figs. 5. 

For the current problem it was decided to obtain a solution on 
a mesh of one half the previous size, namely, one for which a = 
1/14, and so, using the previously chosen value for D, for this 
problem 


a‘D = 1000 (11/14)* 


The problem was first solved completely on the coarse mesh, for 
which the initial values of w(£, 7) were already available. The 
mesh-point values of w(£, 7) taken as the starting approximation 
for the finer mesh were obtained f-om the previous coarse mesh 
solution by cross-plotting. 

The complete u(£, 7), v( &, 7), w( &, 7)-solution, obtained without 
difficulty in the manner already described, is presented in Ligs. 
9(a), 9(b), 9(c). For comparison the starting values of w (just 
mentioned) are also presented, enclosed in braces, in Fig. 9(¢) 
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From this starting point four cycles of iteration were necessary to 
obtain the final solution. In the computations Poisson’s ratio 
was taken tobe v = 0.3. 

To complete the problem, values and contours of the nondimen- 
sional stress components also were obtained. These are presented 
in Figs. 10, 11, and 12. These were computed by using Ex- 
pressions [17] together with the appropriate finite-difference 
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VALUES AND ConTOURS OF NoRMAL STRESS Onn 
that with which the displacements are known, the full eomputa- 
tional results have been retained. 

Since the mesh used was still not very fine, and since end-point 
»> not as accurate as 





finite-difference expressions for derivatives art 
the corresponding center-point expressions, stress magnitudes 
were not computed at the boundary. Accordingly, the continua- 
tion of the various stress contour lines to the boundaries of the 
rectangular region has been indicated by broken lines. 

These are intended as a guide only; for more accurate results 
in the region of the membrane edge a finer mesh should be used 
locally. This further refinement was not considered here. 

INFINIrE-StRIP ReGion 


21 Finally, we discuss briefly the complete membrane problem 


for the infinite-strip region. The corresponding simplified w- 


problem was treated earlier and, on investigation, it turns out 





that for the compl te problem 2 simple exact analytical solution 
In fact, for 


Ee ae ee ee otn is readily obtainable for the case of a uniform load.! 
this problem the solution is” 


approximations derived earlier. From these results the two u(t) = —(2D2/3 
principal stresses were computed using Equation [19], and values 7 
and contours are presented in Figs. 13 and 14. 

In so far as the presented numerical values are concerned it , ; 
must be mentioned that the stresses are not known to the sec- in virtue of the 
curacy the given numbers might indicate. The stresses are ob- : ‘ om, 

A . : : variety of other load conditions are also easy to 
tained by computation from the displacement solutions and, Ghioin. 7 
rather than round off figures to give an accuracy comparable to 7 See Appendix 4 


W/2<és 


, 27) /« 
w(t) = (3D/2) 


availability of this exact solution, at first sight 


6 Solutions for a 
These will be discussed in a separate publication 
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it might seem that it would be useful to solve this problem by re- 
laxation methods also and so obtain a further indication of possi- 
bie accuracy of the finite-difference solution. In this instance, 
however, this is not so, the reason being as follows: 

In the foregoing, finite-difference approximations to various 
derivatives were derived in a very simple manner. The same 
expressions also can be derived more satisfactorily by considering 
a Taylor series expansion of u, and so on, about a mesh point. If 
this is done, it can be seen that the errors in those expressions in- 
volve the derivatives of the function considered which are higher 
than the derivative for which the finite-difference approximation 
has been obtained. In particular, for du(£)/d& [= u’(£)] the error 
is of the form 


an! + BuY + 
and for u"(£) is 
yul¥ + bu¥! 4 


However, reference to the foregoing exact solution shows that 
all derivatives of u(£) higher than the third vanish, as also do all 
derivatives of w(£) higher than the second. It follows, then, from 
the form of (a) and (6) of Appendix 4, that for this particular 
problem a finite-difference solution obtained by use of the opera- 
tors developed earlier would, in fact, coincide with the exact solu- 
tion at all mesh points, irrespective of the mesh size. 

22 It should be obvious from the foregoing that the general 
technique does not depend for its success on the nature of the 
Irregular- 


To do sO 


region treated or on the type of load distribution. 
shaped regions could be handled equally as readily. 
would require merely the consideration of “irregular star opera- 
8) adjacent to the boundary 


tors”’ (6, 7, 
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Appendix | 
Equation [21] to be solved is 
D, Dez 


const 


in the region - 2, with terminal conditions 
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A second integration gives 
w(&) = (3/4D\(C, - 
Using the symmetry condition that 


we = Oforé 
it follows that 


Hence, since w(1/2) = 0 
Cy = (3/4D)(D 
and so the solution is 
(3/4)D/*{(1/2)"* — E+} 


» 
wl =) = 


\ lix 2 

Appendix «< 
Equation [20] is 

w,,,(3w’,, + w*,,) + w,,,(w?,, + 3w?,,) + dw, 


tre 


which can be rewritten as 
re) 

ww, rT W, 
* oz ” Oy 


To transform this to (r, @) co-ordinates we have the operators 


, 4 . “2 j 2 
Wie, + vw) (w*,, + w*,,) 


= 2(1 


v?)p/Eh 


sin 8 O 


re) 
= cos 4 - 
oo 


or r 
° cos 6 O 
or r 00 


= sin 0 
oy 


from which we readily obtain the relations 


2) 
t (w,e9/r*) 


oF 


Using these the foregoing differential equation becomes 


: . & 
tT (W,e/rT*) + iG + * + 


08 


jo , 
4 w,, wee Tf 
| or f 

2(1 v*)p/Eh 
On expansion, recalling that the problem under discussion is in- 
dependent of 4, this equation reduces to 


v*)p/Eh 


Appendix 35 


The equation is 
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Put (dw/d&)? = F, and so obtain 


dF 


: 
dé 


dé 


An integration yields 
Fé = —D§*/2 
and noting that F = Oat & = 0 this reduces to 


F = —Dé§/2 


dw 


= —(D§/2)' 
dé 


From this a second integration vields 


w(t) = —(3/4)(D/2)'E* + Cy 
and using the remaining boundary condition, namely 
w = 0 


for €=1 


the solution is 


w(£) = (3/4)(D/2)'/* (1- 


Appendix 4 


Hquations [15] are 


Ute + Usnn) + (u,g¢ - Vu,nn) + (1 + VV >,en 
] 


L p)ep ow + Dp piece + v ’ 
(1 + Vw, pwen + 2w, ew, ge (1 V)W,EWy nn} 


Uyyn) +t (Usa - VU, ge) a (1 oa V)U stn 
' 4 oe Don on e ‘. ae ae on 8 
C1 + v)w, gwen + 20,90, yy + (1 VW, WW, ge | 


+ Woy (w2,e + Sw?,, 40,20, .W,tn = 


9 ‘2 


V,E) Wyn Usa gE TT Uy eq) 


T VU AV ED linn) TF VU.» U.En - smn § 


2} wy ge Ug + yy) + (1 — v)wyen( yy +E) + Way (Vy + vu,e)} 
For the infinite strip 
l Ce se . y “4 + 
> =& S @? =v * 
for an applied load independent of 7 it follows that 
w = w(&) only 
u = u(&) only 
» = 0 everywhere 
With these restrictions Equations [15] simplify to 
2 


WE", ge = (w,*¢).¢ 


‘ ‘ 


ug = 
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3w,gew,*s = —D - + U,gw,ege). 
An integration of [a] yields 
une = —w,2/2 + Ci... 
and substituting this and Equation [a] in [b] yields 
2C\w,¢¢ = —D 
which, on two integrations, becomes 
2Ciw,¢ = —DE + C; 
2C\w = —DE/2 + CE + C; 
For a uniform applied load w is symmetrical and u antisym- 
metrical; thus the boundary conditions are 


w = Ofor & = 0.5 
Wig = 0 for = ( 


u=0O0 for & = 0.5 


u=Ofor— =0 [h] 


From Equation [e} and the second Equation [g] it follows that 


and from Equation [f] and the first Equation [g] we obtain 
C; = 8 

so that 

D(4&- 


w=- 1)/16C, 


teturning to Hquation [c] and substituting from Equation 


\¢} we have 


From Equation [k] and the second Equation [h] 


0, C, #0 


while the first Equation [Ah] yields 
C, = (D2/96) m) 
Hence, finally, from Equations [j], [A], [/], and [m], the solu- 
tion is 


w(&) (3D/2)'/* (€ + 1/2) E — 1/2) 


u(&) 


Solutions to Equations [a] and [b] for loadings D which are not 


+ 1/2K€ — 1/2) 


constant are also readily obtainable. These will be discussed in a 
separate publication. 





Bending of Isotropic Thin Plates by 
Concentrated Edge Couples and Forces 


By YI-YUAN YU,' ST. LOUIS, MO. 


In this paper the complex variable method of Musche- 
lisvili for solving the biharmonic equation is applied to 
problems of bending of isotropic thin plates by concen- 
trated edge couples and forces. The results of the method 
as applied to plate problems by previous authors are pre- 
sented first. Methods of handling concentrated edge 
couples and forces are developed. These are then applied 
to the circular plate as an example, for which exact solu- 
tions in closed forms are obtained. Worked out in detail 
are three particular problems; namely, those of circular 
plates subjected, respectively, to two bending couples, to 
two twisting couples, both applied at the ends of a diame- 
ter, and to four forces applied at the ends of two diameters 
perpendicular to each other. Numerical results are pre- 
sented in the form of graphs. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= rectangular co-ordinates 
curvilinear co-ordinates 
directions normal to and along boundary 
= x + iy, middle plane of plate 
pe? 
€ 6 
angle between z and p-directions 
real constants 
1/,, one of Bernoulli’s numbers 
unit circle 
boundary of plate 
Young’s modulus 
half-thickness of plate 
= Poisson’s ratio 
flexural rigidity of plate 
(3+ v)/(1 v) 
radius of circular plate 
deflection of plate 
analytic functions of z 
= mapping function 


analytic functions of ¢ 


function of boundary loading 
boundary moment as function of arc length 
boundary shear resultant as function of 
are length 
! Assistant Professor, Department of Applied Mechanics, Wash- 
ington University. Assoc. Mem. ASME. 
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at the Annual Meeting, New York, N. Y., November 29-December 
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Division, April 16,1953. Paper No. 53—-A-32. 


M,, M,. H., 
M,, Mo, Hoe 
M,, Hy. 


bending and twisting moments per unit 
length with 
(p, 9), (v, s)-directions, respectively 

x and y-components of resultant moment 


reference to the (z, y), 


Mv), Mv) 
per unit of boundary are length having 
exterior normal in the y-direction 

= concentrated couple 
magnitude of concentrated couple 


= shearing force per unit length with refer- 
ence to the (z, y), (p, 9), (v, s)-directions, 
respectively 
= concentrated force 
magnitude of concentrated force 
real part of 
overbar, indicating 
quantity 


conjugate complex 


INTRODUCTION 


Lurie (1)? applied Muschelisvili’s method (2) for solving the 
biharmonic equation to the discussion of several problems of the 
bending of circular plates It was mentioned in the same refer- 
ence that the author had used the method in similar studies earlier 
in 1928; 
Lechnitzky (3) further extended the complex variable method to 
the study of bending of anisotropic plates. An English exposi- 
tion of Lechnitzky’s results is given in Sokolnikoff’s notes (4 
Using the method of Muschelisvili and Lechnitzky, Morkovin 
(5)further discussed in detail the bending of an anisotropic clamped 
By means of the same method Friedmann (6 


however, no reference of the earlier work was given 


elliptic plate. 
solved several problems relating to a large isotropic plate with a 
circular hole as well as a circular ring plate. Methods using 
complex variables have been applied to plate problems also by 
Stevenson (7) and Seth (8). 

In the present paper the complex variable method of Musche- 
lisvili is further applied to the study of bending of isotropic 
homogeneous thin plates, the boundaries of which are subjected 
Problems of circular plates 
supported by concentrated edge forces have been discussed by 
mentioned 


to concentrated couples and forces. 


Timoshenko in his book on plates (9). He also 


other plate problems, involving concentrated edge forces, which 
had been solved by Reissner (10), MacGregor (11), and Holl 
(12). 
have not received much attention. 
cussed by Lechnitzky (3) in which a semi-infinite anisotropic 


Plate problems concerning concentrated edge couples 
One such problem was dis- 
plate is bent by a concentrated bending couple at its edge. The 
approach was different from that used in the present paper. 

The present method reduces in a simple manner the problems of 
concentrated edge couples and forces to limiting cases of the first 
boundary-value problem of the plate theory in which the moment 
and shear resultant are prescribed along the plate boundary 
From the derivation to be presented in this paper it may be seen 
that the present theory may as well be applied to the more real 


? Numbers in parentheses refer to the Bibliography at the end 
of the paper. 
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and practical cases in which couples and forces actually are 
distributed over small but finite parts of the plate boundary 
instead of being concentrated at points on the boundary. The 
method also illustrates the similarity between the plate problems 
to be considered and their analogous ones in two-dimensional 
elasticity in which concentrated forces in the plane of a slice are 
applied at the boundary. 

Small deflections will be assumed in the following discussion 
of bending of thin isotropic plates. We shall consider a free 
plate with concentrated external couples or forces acting at a 
finite number of points along its boundary. For convenience, 
concentrated couples and concentrated forces will be discussed 
separately. It may be seen that this does not restrict us from 
loading the plate with both couples and forces at the same time. 
The middle plane of the plate will be assumed to occupy a re- 
gion which is bounded externally by a single closed curve and, 
in particular, by a cirele. Other types and shapes of regions 
may be treated similarly; examples are expected to be worked 
out later. 


PRELIMINARY RESULTS 


When the middle plane of an isotropic homogeneous thin plate 
free from lateral load is assumed to be in the complex plane of 
z = z + ty as shown in Fig. 1, the differential equation for its 
deflection w in a direction perpendicular to the plane has the form 


ow O'w Otw 


+2 — 
or Oz?0y? oy! 


C 





Fig. 1) Puare Wits Mippie PLaNe IN 2-PLANE 


According to Muschelisvili, the solution of this biharmonic 
equation may be represented in terms of two analytic functions 


gi(z) and ,(z) of the complex variable z 
xi(z) = fyilz) dz {lj 


We use bars to denote conjugate complex quantities. 

The bending moments per unit length M,, M,, twisting moment 
per unit length H,,, and the shearing forces per unit length Q,, Q, 
may conveniently be expressed in terms of ¢i(z) and y(z) as 
follows 


w = 2Re[é ¢(z) + xi(z)], 


M,+M, = —S8D(1 + v) Re[¢i'(z)] 
M,-- M, + 2iH,, = 4D(1 — v) [2¢,"(z) + Wi'(z)] $ .... [2] 
Q, — iQ, = —8D¢,"(2 | 


in which D = 2Eh3/3 y? 
E, v, and h being, respectively, Young’s modulus, Poisson’s ratio, 
and the half-thickness of the plate. It is to be noted that H,, 


is the usual flexural rigidity of plate; 
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has a sign opposite to that denoted by M,, as used by Timo- 
shenko. 

As shown in Fig. 1, the moment and shear resultant per unit 
length along the boundary C of the plate will be given as functions 
of the are length s along C 

Tne 


of 
M, = m(s), Q, + = ps 


(on C) 3 seg 
a on [3] 


where v denotes the exterior normal to C. The boundary condi- 


tion can be shown to have the final form 
ng,(z) + zi (2) + V,(2) = fi + ifs (on > Se [4] 


in which 


and 


l a 8 
Ath = a5 I [mn [ Hee sida 


{5 | 


The plate problem in which boundary moment and shear re- 
sultant are prescribed now becomes one of determining the two 
functions ¢;(z) and ¥,(z) which satisfy the boundary condition, 
Equation [4]. Once these functions are determined, the de 
flection, moments, and shearing forces at any point in the plate 
may be computed by means of Equations [1] and [2]. 

The foregoing results are due to Lechnitzky and may be found 
in references (3), (4), and (6). 


CONFORMAL MAPPING 
Let the function 
z = w(f) 


map the boundary C of the given region occupied by the middle 
plane of the plate in the z-plane into the unit circle y in the 
¢-plane. Curvilinear co-ordinates (p, 9) are thus introduced into 
the z-plane which are the maps of the polar co-ordinates in the ¢- 
plane given by [ = pe”. 

Introducing the mapping function w({) into Equation [1], we 
now have the deflection of the plate given by 


w = 2Rel[a(fet) + x(f)} ae 
where 


x) = SW h)e'(H dt 


AS) = gilw(f)] = gale), 


VUE) = vilo(t)] = lz) 


The moments and shearing forces at any point in the plate 
with reference to the new co-ordinates (p, 8) may be shown to be 
related to those with reference to the (x, y)-co-ordinates as follows 


M,+Me=M,+M, 
Ms — M, + 2iH,s = c7**(M, — M, + 2iH,,) 
Q,— iQo = e** (Q, — 1Q,) 
in which @ is the angle between the z and p-directions at the 
As was shown by Muschelisvili (2) 
w(f) & 4, wl) 
i P— ] — — 
w(t) p? 


point. 


ta 


~ fe(Q)] p’ 


therefore, Equations [2] lead to 
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\ 


M, + Me = —8D(1 + v)Re[®(f)]) 


2 e 
M,— M, + 2iH,o = 4D(1 v) - f = [a(C)(¢) 
p?w'(¢) 
+ w(f)¥(0)) 
; f 
eD ——— O(¢) 


OQ» 1Q¢ - ’ 
piw'(¢)| 


in which 


_¥e 


+, % 
¢g (¢) 
» 


Ho) = 


(¢ ’ w(t) 


The boundary Equation [4] is now transformed into 


nga) + ~ (G) + We) = fi + fe (on y).... [8] 


w'(&) 


wd T 


in which f, + if, also has been transformed and is now a function 
of o = e'®; namely, the value of ¢ on the boundary ¥ of the unit 
circle. 

For a region bounded externally by a single closed curve and 
mapped onto the unit circle in the ¢-plane, each of the two analytic 
functions g(f) and ¥({) always can be represented by a 
power series consisting of only positive powers of ¢. Further- 
more, because of the indeterminateness of the functions, we may 


write 


AS) = at + (ay + iB:)f* + (aa + 1B )EP +... 
(0) = a’ + iB)’ + (a,’ + ipy')t 
+ (a’ + tB2’)f* +... 


a and 6 being real constants. 
GENERAL SOLUTION FOR A CIRCULAR PLATE 


In the particular case of a circular region of radius R in the 
z-plane mapped onto the unit circle in the ¢-plane, the mapping 
function is 


> 


z = of) = RE 


Equations [6], [7], and [8] reduce to 


w= 2Re [RE E) t+xX(HO,xO) =R S Wide 
8D(1 + v 


p  Rele'(s)1 


M, + Me 


4D(1 v 


WV, + 2iH,» = afe"(t) + W(0)) 


8D E 
, 79'"(f) 
k? 


(a) + Me) =f +ih (ony [12] 


To solve for © ¢) and Wo) from the boundary Equation [12] 
for any arbitrary function f; + if, we multiply the equation and 
its conjugate throughout by 


] da 


2iri o 


and integrate around y. The procedure is entirely the same as 
that used by Muscheli&vili (13) in getting the general solution for 
a circular disk loaded in its plane. The following results for the 
plate problem may be obtained readily 


fi + the ai 
c 
“f 


- ifs 
s do 
$ 


E (;: fi + ifs ic) | 
aati 2m , os. r=0 


PLATE SuBJEcTED TO CONCENTRATED EpGe Coupes 


With the absence of the shearing force Q,, Equation [5] may be 
written 


1 a 
fit+ith = x1 —>) [ [M, + iH,,] (dz + idy). . (14) 
0 


In Fig. 2 is shown part of the boundary of a plate between the 


Fic. 2 Covupies at Bounpary oF Piatt 

points A and B, of which ds is an element. All the moment 
vectors are shown in their positive directions as determined by 
The moments M,(v) and M,(v) rep- 
per unit 
length) on ds, whose exterior normal is in the y-direction. The 
relations between M,, H,, and M,(v), M,(v) may be established 
readily from the figure to be 


the right-hand screw rule. 
resent the z and y-components of the resultant moment 


M, cos (VV, ¥) + _ cos (Vv, 7) = M Av 


M, cos (V, Zz H,, cos \Y, y) = M, Vv 


Multiplying the first equation by ds and the second by ids, add- 
ing the results, and remembering that 


cos (vy, y) ds = dz, cos (v, x) ds = dy 


we obtain 


(M, + iHl,,) (dz + idy) = (M,(v) + iM(v)] ds 


Substituting this into the integrand in Equation [14] and apply- 
ing the result to the finite length of arc between A and B, we 
write 
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*B 
(fh + ih}? = . 1 ' yids . . [15] 
[fi + fel, on1—») J, [M,(v) + iM, (v)|ds .. [15 


in which [ - indicates the increase in the value of f; + if: as the 
boundary is described from A to B. 

Consider now the case of a concentrated couple M* (the star 
indicating that its dimension is not that of moment per unit 
length but simply that of moment) acting at a point P on 
the boundary and having components M,* and M,*. We en- 
close P with a small but finite circular are A-C-B as shown in 


| 
| 
| 
| 
| 
| 
| 
| 
y 


Fic. 3 CoNnceNTRATED CovpLe at BoUuNvARY OF PLATE 


Fig. 3. Applying Equation [15] and letting A and B approach 
P, we have 
l M* 
~ [M,* +iM,*] = — 
2D(1 — v) “" 2D(1 — v) 


LM, 
Observing the physical significance of the integral in Equation 
15] we see that the limiting procedure adopted is justified. We 
conclude, therefore, that on passing the point P along the bound- 
ary in the positive direction, the function f; + tf; gains a value 
equal tothe concentrated couple applied at P divided by 2D(1—v). 
With the value of f; + if: assumed to be zero at an arbitrary 
starting point on a closed boundary, its value at any other point 
will be equal to the sum of the concentrated couples acting 
on the boundary between these points divided by 2D(1 — r). 
It should be noted, however, that in going from the first point 
to the second, the positive direction of s is to be followed. 

As an example we consider the problem of a circular plate hav- 
ing radius R subjected to an arbitrary number of, say r, concen- 
trated couples ,*, M2*,..., M,* on its boundary at points cor- 
responding to 0; = e'%., o2 = e@,..., 0, = e!, respectively, on 
the unit circle (6 < a@ <a,<...<a, < 2m). A similar prob- 
lem in two-dimensional elasticity was discussed by Muscheliévili 
(13). It is evident that the couples must fulfill the equilibrium 
condition 


[fi + ifelp = 


ta 


r 


> M,* = > (M,,* + iM,,*) 
1 k=! 


k= 
According to this and the above conclusion we obtain Table 1 
for the values of the function f, + if, on various arcs around the 
circumference of the plate, assuming its value to be zero on arc 
o,0}. 
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TABLE 1 VALUES OF FUNCTION (fi + if 
Are 2D(1 — pv) (fi + tf) 
ora 
vie: M,* 
o203 M,* + M.* 
Mi* + Mo* +... 4 Mri* 
M,* + Mz* + + Mr* = 0 


Or_igr 
ora 


We have the following integrals 


“fi + ths l 7h, + ifs 
=e dg = A da 
2mi J, a -$ 2mi J, 7 -F 
7A. "fi + ifs ie ‘ l ~~ 
+ dao +... 
2ri Je, FF 2mi J,. 


l | o.—¢ 
ES log : : 
) o,—é 


2mi 2D(1 
. + (M,* + M,* 7 


a 
; 

= - M,* log (a C) 

4rD(1 ie mses 


? = 
= j * a 
. 4rD(1 v) ,» Te" log (4 s? 


k=1 


o 
+ (M,* + M,*) log : 
Co. 


2 


o; 
+ M,*) log 
oC 


r 


where 


M,* = M,,* — iM,,* 


Substituting these results into Equations [13 | 


r 


i M,* 
a, = 
4nD(1 v)(n + 1) Co; 


k=1 


r 


? 
M,* log(a c) 
tr D1 vin » . _ . 


k=l 


0) = 
3 ig —~ M,* 

4: tein » 
47rD(i — v)(n + 1)n fom Co, 


+ 


WF) = iD ; > M,* log (ox 0) 
Tih Vv) 


k=1 


1 M,* 
in D1 v)n i md On (oa, g) 


These functions constitute the desired solution. Two particular 
problems will now be discussed, illustrating how the deflection, 


moments, and shearing forces may be determined. 
CrrcutarR PLATE SuBsECTED TO Two BENDING COUPLES 


In the first problem the plate is subjected to two equal and 
opposite concentrated bending couples each of a magnitude M 
and acting at the ends of a diameter. As shown in Fig. 4, we are 
given 


M,* = iM at o, = 1, and M,* = —iM at ao; = 


Substituting these into Equations [16], we obtain the following 
analytic functions for the present problem 


M i—¢ Mé 


] _ 
°6 2rD(1 — v)(n + 1)n 


AS) =~ 4xD(l — v)n +¢ 





BENDING OF ISOTROPIC THIN PLATES 


M 1 M c 


log - 
inD(1 yn” 3 2rD(1 — v)n 1 


Wt) = 2 


from which 
M M 
27D 1 2rD(1 


et - 
vin I v)(n + 1)n 


M ¢ 


eo 


vin (1 ¢?)? 


ef) = 
rD1 


M 1+n+(l 


27D. 1 (1 ¢?)? 


pf wee = 
RM I oe , 1+f 
l log (1 2) + € log - 
v) n l § 


4r 11 
Constant terms have been freely added into these results, for the 
deflection, moments, and shearing forces to be calculated will not 
he affected. Calculations will be carried out for points along 
the radii @ = 0 and @ = 2/2 as well as along the circumference 
p = | between the angles @ = Oand @ = 7/2. It can be seen that 
the foregoing functions would yield results symmetrical about 


(¢C 
von 


both z and y-axes, 
Along the radius @ = 0, we have ¢ = p. 
funetions gi ¢) and x(¢) just obtained into Equation [10] 


RM (: 
 2eDO1 v) n 
l , - 
+ ( 1) (1 + p) log (1 + 0) 5] [17] 
" } 
l - 
n+1 


Substituting the 


(w)g ia p) log (1 p 

2p° 

? nin 4 

from which 

RM 

(w = —— 
a rD(1 


E n) log 2 
~vyn 


The difference between the last two values represents the maxi- 


Ww) a— 9 = 0, 


p~( 


mum deflection of the plate in the present problem. Substi- 
tuting g’(f), o"(0), and W’() into Equations [11] and solving 


M M l+n 
» (M,)en0 = 2 1 
mR mR 1—p? 


(Qo) 6-0 ” 
_8M p 
wR 


if Ma Ae 
= (Qeene = 0, 


(H ,@)e—0 


—v)n £5 as: p*)? 








Fig. 4 Crreviar Pirate Sussectep To Two Benping CoveLes 


BY CONCENTRATED EDGE COUPLES AND FORCES 


Similarly, along the radius @ = w/2, we have ¢ = ip. 
RM of(! 
27rD(1 vy) \n 


+ ( 
n 


(wle=s/2 = + 1) ptan-"p 


2p? 
1} log (1 + p? 
) ad 4 n(n + 5 


M 1+ 2n + An 2)p? 
~ anR (1 + p*}® 


M ( - A) 
miR \1l + p? 
= (Qee=2/2 = 0, 


8M p 
wh] —v)n (1 + p?)? 


p* 


(M,)o=2/2 = 
(H,0)e= 2/2 


(Q,)e= 2/2 = 


Finally, along the circumference p = 1, we have ¢ = 


v 2 ™ 
+ ( l 2] (: 2 
? a ) in - og sin 


t 1) Fain 0 
2 


l 
1 } log 2 
( ) ~ n(n + >| 


M 1— 
: cot 6 

wR 2n 
2M l 
rR 


2 RM 
29D 


(W)p 


(H 6) 1 se 


—v)n sin?? 


When Poisson’s ratio is vy = 0.3, the corresponding value of n is 

1.714. Some of the more interesting quantities in Equations 
[17] to [20) have been computed numerically for these values of 
vy and n; the results are plotted in dimensionless forms as shown 
in Figs. 5 to 7. It is interesting to note the anticlastic form of 
the deflection surface. 


Circutar PLate Sunsectep To Two Twisting CoupLes 


This second problem can be worked out in the same manner 


as the first. Weare given 


M,* = M ato, = 1 and M,* = —M ato, = l 


as shown in Fig. 8, M being the magnitude of each of the two 
twisting couples, which are applied at the ends of a diameter of 


the plate. By virtue of Equations [16] 


iMe 
27D 1 — v) (un 4+ 


. iM l an 
“nC i= of 
we dD — vn 1+ 


I )n 


iM 
” onDX(1 


iM I 4 
(C) = log : 
vi “Vel c vin | 


~ 49D 


Along the radius 6 = 0 


= (M 6) 6-« = (M ,)o-« = (Q,)eq0 = (0 


(w ) gm 


M1 
mR | 


“7 


( H o0) — 
8M p 


(Qe)en0 = 
oo rR 1 -——v)n (1 — pt)? 
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Along the radius 6 = 3/2 


(w)o=e/2 = (Molo=e/2 = (M,)o=2/2 


(Hyele=x/2 = es 


= (Q,)e=2/2 = 0 
M 1—n—(3 + n)p* 
(1 + p?)? 
: 8M | 
wR1 — v)n (1 + p*)? 


anR 





(Qeeo = 


Along the circumference p = 1, between 0 = O and @ = 4/2 


(0) gent 


Fie. 8 


-saa[C—) ene) | 
* oD — v) L\n a | 


CrrcutarR Piatse Sussectep To Two Twisting Couples 


+ (241) Fe 6 (+i) 
n aan n 2 


)\\ 


23 
M il+n 


Mi+n 4 
mR On 


(M6): = R cot 6, 


(Hy0) =i 7 


( cont.) 


2M 1 

(M,) m1 = (Qp) 1 — 0, (Qe) p= = rRX1 a3 yn sin? 6 
Numerical values of some of the quantities in Equations [21] to 
[23] have been computed for the case in which » = 0.3 and are 
plotted as shown in Figs. 9 and 10. 

It should be added here that the present case may find prac- 
tical applications in the design of certain circular gates operated 
diametrically. 


PLATE SuBJECTED TO CONCENTRATED EpGE Forces 


To obtain the function f; + if; for the case of concentrated 
forces applied at points along the boundary of a plate, we first 
put M, and H,, equal to zero in Equations [3]; thus 


m(s) = 0, p(s) = Q, 


Substituting these into Equation [5] 


: i a a 
hitife= DU oe 7 | Fa ous | (dx + idy). (24 


It was concluded in the case of concentrated couples that the 
value of f; + if, at any point on the boundary multiplied by 
2D(1 — v) is equal to the sum of the couples that are present 
between this point and another arbitrarily chosen point where 
fi + tfe is assumed to have zero value. We therefore expect 
that the double integral in Equation [24] also represents some 
quantity of the nature of a moment. This will be shown to be 
true. 
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Fics. 9-10 Resutts ror Propitem or Two Twistina CovuPLes 


Consider first the case in which Q, represents some distributed i Lf Quis’ | dz’ 
shearing force varying along the boundary as shown in Fig. 11. ilies 
The integral in Equation [24] may be considered as two integrals . ” 
with z and y as the independent variables respectively; that is 4. jn Fig. 11, s and z refer to the end point P of some interval, 


ht+th=-—"~— | 


interval. Integrating by parts, we have 


2D(1 v) | a 


*s and the same letters with primes refer to the varying point in that 
/ aut | dz 


“WW 


s f*e 8 
bi / | / Outs | ay [2.5] [ | / a -2 f QAs')ds 
{ 0 0 0 
70 0 j 


8 <_ 
For convenience we rewrite the first integral in Equation [25] in f z'QAs')ds’ = | (z — 2')QAs' ds’. . [26] 
the form 0 0 
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which may be seen easily from the same figure to represent the 
moment about a line through P and parallel to the y-axis of the 
distributed force between point S, where f; + if, is assumed 
to be zero, and point P, for which f; + if; is to be determined. 
When there are concentrated forces Q,*, Q2*, . . . instead of 
distributed force between S and P, it may be shown by a similar 
limiting process as given in reference (14) that the last integral 


in Equation [26] is to be replaced by the following summation 


t 


which is the sum of the moments of the forces Q,* between S and 
P about a line through P and parallel to the y-axis, z; being the 
r-co-ordinate of the point of application of Q,*. The limiting 
procedure also may be justified from the physical significance of 
the integral and its corresponding summation. 

Similarly, it may be seen that in the case of concentrated 
forces the second integral in Equation [25] takes the form of 
the summation 


which is the sum of the moments of the forces Q,* about a line 
through P parallel to the z-axis, y; being the y-co-ordinate of the 
point of application of Q;*. The function f,; + if. in Equation 
24] finally takes the form 


i 7 
fi 5 ifs = 2D 1 - Q; (2 


Consider now the example of a circular plate of radius R sub- 
jected to the concentrated forces Q,*, Qo*,...,Q,* on its boundary 
at points corresponding, respectively, to a, = e'™, a2 = e', 
9 
2r). 


., 6, = e** on the unit circle (0 < a, < ay « <@,< 


TABLE 2 VALUES OF (fi + t% 
2D01 — wih 
0 
Qitle v1 
Qitle oi) + Ge*(e — a2) 
+ Qr i*(e or 
+ Qr*(e — er) 


Qe*\o 
Q:*\¢ o2 


Dito 
Qitle 


a2) + 


Table 2 listing values of f; + if. on various ares may be obtained 
by means of Equation [27] 


We compute the following integral 


1 "hi + tfe —_— 
ami J, o—f 


1 iR 
2ri 21.1 


l iR 


2mi 2D(1 


Ro; 
imD(1 


t log’ 0; ¢ 
. Qo, 
in] 1 v 


k=1 


r 


R Q," -) 
T “ Co; og (0, 
4nD(1 —v » . . 


k=1 


The first two summations in the result must vanish due 
equilibrium requirements; therefore 


fi + tfe 
dg = 


_ 
r 
R 7 @ 7 ' 
(o ¢) log (oe, 
im D1 v) — 
k=1 
Similarly 


l fe 
—dg = 
2m ; ( v) 
r 
l : l 
log (o, — ¢ - log o;, 
CO; ( 


l 
) Q, - 
§ 
Substituting these results into Equations [13] yields the follow- 


k=1 
ing solution of the problem 


o 


R 


*] - 
7 D(1 vp) (n + 1) Q,* log o, 


k=l 


r 


R “i n 
imD(1 vn = ; 
k= 


log (0, —¢ 
r 


re ai a 
d log a Zs 
iwD(1 —v)(n + 1)n » 
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Fig. 12 Circutar Piate Sussectep To Four CoNceENTRATED Forces 


Rin +1) 1 > o,—¢ 
- - "kk 
US) = ep — wm t rin -llieaaa™ 


R : 
— *, log ( - ] 
4xD(1 — v) 2d Q,*6, log (o, ¢). . [29] 


This general solution for concentrated forces acting on the 
boundary of a circular plate will be applied to the following par- 
ticular problem. 


CrrcuLAR PLATE SUBJECTED TO Four CONCENTRATED ForcESs 


In this last problem we consider a circular plate subjected to 
four concentrated edge forces each of magnitude P. The forces 
are normal to the plate and are applied at the ends of two diame- 
ters perpendicular to each other, the pair at the ends of one 
diameter being opposite in direction to the other pair. The same 
problem was mentioned by Timoshenko (9) 

As shown in Fig. 12, we have 


P at n= 
-Pato, = 


Q* =Pato, = 1, Q*% = 
Q,* = Pato; = —1, Q* = 


Substituting these into Equation [28], we note that the second 
term on the right side of the equation yields a term of the type 
iC, (C, being a real constant), which may be omitted without 
affecting either the deflection or the moments and shearing 
forces; therefore 


RP 


vio 2H! 4 yg =! 
= « + 
4eD(1 — vn VP 8 ot 


[30] 


At) 


By differentiation 
; fo? +1 
( 
-»n c2— 1’ 
RP ¢ 
rDi1 yn 1 — 


e(f) = 4rD(1 


g(t) = 
Substituting Equations [30! into [29] 


yg) = .. log 


RP(n +1) 1 l c 
4nD(1 — v)n § 1+ ¢* 


RP 
4nrD(1 


from which 
. 5A 3 
4nD(1 —vyn ft 14g 2D — vn 1 — fe 


and 
xo) = nf Wedge = 


_ R*P(n + 1) 

4rD(1 v)n 

R2P 

~~ 49D — 


vg) = 


a 
2 
(n+ f4e 


( es eee —S » tow $ ‘) 
0 4 10) - 7 og 
v) © es -] , ef . we 4 


We have now obtained all that we need for calculating the de- 
flection, moments, and shearing forces at any point in the plate 
through the use of Equations [10] and [11]. 

The deflection along the radius 6 = 0 may be obtained readily 
by substituting into Equation [10] the functions g(¢) and x(¢) 
and putting ¢ = p; thus 


_ RP 
2rD(1 


» 


| 1 + p? 
(p? -—— n) log é 
vin 1 p* 


+p 
+ 2(n + 1)ptan™'p 
p 


(w long = 


1 
+(n— I)p log | 


p® p” 
( + |) 2 4 - + ee 31} 
vind (. -¢* @ )] 


It is easy to see that (w)g = o is equal to zero at p = 0 and be- 
comes maximum at p = 1, where the foregoing expression vields 


R?P 


( W)j—o = 
2rD(1 


p=! 


E 1) log 2 + 2(n + 1) tan“ 1 
von 


+) = 


The series in this result is observed to be related to one of Ber- 


noulli’s numbers (15) 


$ ( 1 
Pe: 
3m? 32 


- TS re 
mee te ae 


Since B, is equal to '/s, we have 


+ — +... 
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By means of Equations [11], we obtain the moments and shearing 


forces 


Piis+tn 1 1 + p? 2 
} ry =-- ] : —— 
(Molen Fl 2 (: ° 5) ~“i—@ 3 25 | 


Piil+n 1 2 
M,\an0 = 4 
tome [SO B) sal 


sP | 
wR(1 —v)n 1 — pt 


(Q,)e—0 = 





(Hye)emo = (Qeia0 = 0 
In the case in which vy = 0.3, Equations [31] and [32] become 


+p 


I 
(wiaeo = 0.275 p log ; 


=) 


RP [4.714 +p? 1+ p? 
oes Oo 
D 20.8 . 1 p* 
_ a e.¢€ 
0.357 ptan~!p + 0.1785 (© + 9 + 25 
R?P 
(w)ae0 = 0.252 


el 
These together with the numerical values of the quantities in 
Equations [33] calculated for the case »y = 0.3 are plotted as 
shown in Fig. 13. 
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Plastic Flow in a Rectangularly Notched 
Bar Subjected to Tension 


By E. i. 


A two-dimensional notched bar with rectangular root 
pulled in tension is considered. Large strains are analyzed 
so that plastic-rigid theory can be used. The initial mo- 
tion based on the undeformed boundaries is considered, 
and also the subsequent flow including the deformation of 
the notch boundaries. In the absence of fracture, the solu- 
tion can be continued until only line contact occurs at the 
notch root. The solution satisfies stress and velocity con- 
ditions for a St. Venant-Mises material in plastic flow at 
each stage of the deformation. The unsteady, large strain, 
motion can be analyzed, including the determination of 
the unknown free surface and the plastic-rigid boundary, 
due toa special property of the velocity solution and to the 
statical determinacy of the stress field in terms of the free- 


surface geometry. 


INTRODUCTION 


E ARE concerned with the plastic flow in plane strain of a 
tension bar symmetrically notched with deep rectangu- 
lar notches. This situation would occur experimentally 
in the test depicted in Fig. 1, if the width b of the bar is large com- 
pared with the thickness 2c at the notch root; for with a deep 
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free-surface effects near the lateral surfaces. We are concerned 
with large deformations, and the basic plastic-rigid theory already 
applied to a V-notched bar (1)° is adopted. 

The present analysis is of interest in the interpretation of 
notched-bar tests, and also as a solution to an unsteady problem of 
plastic flow in plane strain with a deforming free surface. Previous 
large strain solutions have been steady state, or quasisteady in 
which the configuration maintains geometrical similarity (for ex- 
ample, the indentation of a rigid wedge into a plastic body having 
a plane surface, reference 2), or unsteady but in which the free 
surfaces of the body are parts of rigid regions (for example, the 
compression of a slab between rigid plates, reference 3). In the 
present problem it has been found possible to determine the 
motion of the deforming free boundary even though the form of 
the slip-line field changes, thus representing a somewhat more 
general type of solution than has been presented previously. 

The solution is based on the theory of plasticity, which can be 
applied quite independently of fracture considerations. Thus the 
development of plastic flow can be evaluated until the notch 
root reduces to line contact between the two heads of the speci- 
men, after which they separate. In practice, for most materials 
this development would be modified at some stage by the oceur- 
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notch, plastic flow is localized to the vicinity of the notch root, 
and the parts remaining elastic prevent appreciable lateral con- 
traction, thus leading to plastic flow in plane strain apart from 


' This work was carried out under Contract ORDEB 52-988 under 
the supervision of Watertown Arsenal Laboratory, and was presented 
at the Kighth International Congress on Theoretical and Applied 
Mechanics, August, 1952. 

* Professor of Applied Mathematics, Graduate Division of Applied 
Mathematics, Brown University. Mem. ASME. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y.,.November 20-December 4, 
1953, of Toe American Socrety oF MecHanicat ENGINEERS. 

Discussion of this paper should. be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y.,,and will be accepted 
until July 12, 1954, for puvlication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be under- 
stood as individual expressions of their authors and not those of the 
Society. Manuscript received by ASME Applied Mechanies Division, 
September 12,1952. Paper No. 53-——A-29. 


rence of fracture cracks which would change the plastie-flow pat- 
tern. The present solution may be of some value in assessing the 
onset of such fracture cracks. 

Since strains of the order unity are considered, it is permissible 
to neglect elastic strains, of order 10~*, and adopt a plastic-rigid 
theory. We shall apply the so-called St. Venant-Mises theory 
which considers ideally plastic flow at a constant value of the von 
Mises quadratic stress invariant. In plane strain this leads to 
plastic flow at a constant value of the maximum shear stress. 
Rigid body motion occurs when the maximum shear stress falls 
below this value. The resulting basic theory has been discussed 
fully in the recent literature (4, 5, 6), and solutions based on this 
theory have been shown to have a definite significance in elastic- 
plastic theory (7,8). Since the basic theory is readily available in 
the literature, a brief statement of the main equations only will be 
given. 


3 Numbers in parentheses refer to Bibliography at end of paper. 
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In general, plastic-flow problems involve mixed boundary condi- 
tions with tractions prescribed on certain parts of the boundaries, 
and velocities prescribed elsewhere, or certain components of 
traction and velocity prescribed together. Since large strains can 
occur, the deformation of the boundaries due to the plastic flow 
must be taken into account. In general, a body will be partly 
plastic and partly rigid, so that the analysis involves the deter- 
mination of the plastic-rigid boundaries and the domains in which 
corresponding conditions must be satisfied. In the plastic regions 
the stress must satisfy the yield condition and the equilibrium 
equations, since in the present type of quasistatic theory inertia 
forces are neglected. These conditions lead to a pair of first-order 
hyperbolic equations which, following Hencky (9), can be ex- 
pressed most readily in terms of the geometry of the trajectories 
directed along the planes of maximum shear stress, or slip lines. 
The relevant variables are indicated in Fig. 2 in which k is the 


p 
Sk kw 








du — vdg = O along an a-line| 


dv + udg = Oalonga 8-line 


as first developed by Geiringer (10). 

In the rigid regions it must be possible to satisfy the equilibrium 
equations without violating the yield condition, and the rigid- 
body motion must be compatible with the adjacent plastic-flow 
field. This latter condition demands that plastic-rigid boundaries 
must be slip lines of the plastic field. 

The conditions given in the foregoing determine what is called 
in the literature ‘‘a complete solution” in contrast to solutions of 
the stress equations of plasticity only. A complete solution is 
necessary for a satisfactory analysis of a physical problem, and 
such is our concern in the present paper. 


Tue Init1an Morion SOLuTION 

The initial motion solution of the present problem which ap- 
plies before appreciable boundary motion has occurred was first 
given by Hill (11), and the corresponding slip-line field is shown in 
Fig. 3. A-C-D-F is the notch surface which is free from traction, 
thus demanding straight slip lines in triangles B-G-C and C-L-D 
with slip lines at 45 deg to the free surfaces. This follows from 
developments based on Equations [1]. The slip lines in G-C-H 
ind A-C-L consist of circles with center C together with their 
radii, as determined by the straight slip lines G-C and C-L and the 
singularity at C. These domains must be joined by a rectangular 
region of straight slip lines, J/-H-C-A, with sides parallel to the 
center lines of the system. This is required to determine a consis- 
tent value of p, according to Equations [1], starting with con- 
ditions at either of the free surfaces B-C and C-D, and with p = — k 
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maximum shear stress and p the associated normal stress. In 
terms of these the stress equations take the form 


p + 2k¢ is constant along an @-line| (1) 
p — 2k¢ is constant along a 8-line { 


The velocity field in the plastic regions must determine incom- 
pressible flow with strain rates associated with the stress field 
according to the Mises flow condition. In terms of the velocity 
components u at. 1 v along the slip-line directions @ and B, respec- 
tively, these condi.’ ns reduce to 





along both these boundaries. The circular slip lines A-L and 
L-M determine the field K-L-M-N which can be expressed in 
terms of Bessel functions as shown by Carathéodory and Schmidt 
(12). 
slip line net have been given by Hill.‘ The straight slip line K-J 
determines the slip-line domain J-K-N-O to be formed by normals 
to the curve A-N and their orthogonal trajectories. The straight 
slip lines O-N and N-Q determine a region of straight slip lines 
O-N-Q-P extending to the center of the notched bar at P. The 


* Reference (4), p. 350. 


Numerical values for the points of intersection of such a 
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right-hand half of the field, not shown in Fig. 3, is of course given 
by symmetry about the center line. 

The slip-line field could be extended beyond the boundary 
B-G-H-J-O-P, but as in the case of the V-notched bar (1), such 
an extension of the region of appreciable plastic flow would lead 
to the expenditure of more work for a given extension, and would 
thus not be expected to occur in practice. This conclusion applies 
even though the uniqueness theorem of Hill (13) shows that the 
stresses beyond this boundary reach the yield limit, since an 
alternative velocity solution can be found giving nonzero strain 
rate there. We therefore consider this boundary to limit the region 
of appreciable plastic flow. To obtain a complete solution it is 
strictly necessary to check that the boundary tractions on 
B-G-H-J-O-P can be transmitted through the shanks of the 
notched bar without violating the yield condition. We shall as- 
sume that this is possible for a sufficiently wide shank. At present 
no technique is available for checking this point rigorously, al- 
though there are reasons suggesting that a rigid region bounded in 
this way is satisfactory. For example, the slip-line field in Fig. 3 
can be extended with a free-surface condition satisfied on the 
notch surfaces or within the bar material, and difficulty due to 
occurrence of a limit line only occurs in a region far removed from 
the notch root. It would seem that difficulty in this region could 
be avoided by spreading the stress field with a reduced maximum 
shear stress between this point and the notch root, and thus gen- 
erating a satisfactory stress field in the rigid region. 

From the slip-line field of Fig. 3 the stresses and total tensile 
force can be determined readily using Equations [1] and p = —k 
along the free surfaces. In publications following (11), Hill has 
cast some doubt on the solution depicted in Fig. 5.6 However, 
the stress uniqueness theorem (13) shows this field to be deter- 
mined uniquely by the boundary conditions just as is that for a 
circular rooted notch. It seems, therefore, that the doubts ex- 
pressed are without foundation. In fact, extension of the 
theorems to an elastic-plastic body (8) shows this same stress 
distribution also to be determined uniquely in this case when 
unconstrained flow sets in. 

To study the velocity field of flow we consider the rigid shanks 
of the notched bar each to have unit velocity as shown in Fig. 3. 
It is convenient to bring the lower shank to rest by superposing a 
unit vertical velocity on the whole system. Particles on the 
center line L-N-P then have a unit vertical velocity component. 
Since the 8-lines in the region below E-D-M-N-O are all straight, 
the second of Equations [2] implies that » has a constant value 
along each of them. Continuity with the statie rigid region 
across E-Q-P determines this constant value to be zero for all 
such B-lines. The first of Equations [2] then determines u to be 
constant along each a-line below E-D-M-N-O, and the need for a 
unit vertical component of velocity along \-P requires this con- 
stant value to be ¥/2. Thus particles of the free surface E-D move 
as a rigid body without rotation. 

From the foregoing discussion the particles on D-M have zero 
vertical component of velocity. Since the region D-L-M has one 
set of straight slip lines, it follows from Equations [2] that the 
velocity component normal to D-L for particles on D-L is uni- 
form. For in this region u is a function of ¢ only, since the a- 
lines are straight, and integration of the second of Equations [2 
implies a uniform value of v along each straight slip line. Simi- 
larly, the values of u along C-L are constant, and the straight-line 
slip-line field in C-L-D implies that the particles of the free surface 
C-D move as a rigid body without rotation. Thus, although a 
complex velocity distribution occurs in the region K-L-M-N, thee 
free-boundary velocities take on a very simple form. In the next 
section it is shown that this simple form of boundary motion ena- 
bles the large strain solution to be determined readily. 

+ Reference (14), p. 51; reference (4), p. 250. 
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SOLUTION FOR Fin1TE STRAIN 


Let us consider the initial boundary deformation when plastic 
flow commences as determined by the initial-motion solution pre- 
sented in the previous section. We will consider the symmetrical 
flow pattern with the rigid shanks separating each with unit veloc- 
ity as shown in Fig. 3. The boundary A-B moves, remaining 
parallel to itself, with the unit velocity upward of the top rigid 
region. The analysis of the previous section shows that the 
houndary B-C also moves without rotation, having an upward 
velocity of magnitude 2. D-C moves horizontally reducing the 
notch root semiwidth R-P. The motion of the rest of the notch 
boundariesis determined by symmetry. Thus the notch bounda- 
ries of the plastic region remain straight lines parallel to their 
original directions. Owing to the change in the component. of 
velocity normal to the boundary at B, a boundary disturbance 
oceurs there just as in the case of the V-notch (1). However, be- 
cause of the reduction of notch width R-P, the solution for sub- 
sequent plastic flow will require a plastic region extending only 
to the undeformed regions of the boundary A-C, and the defor- 
mation of the boundary will not affect the slip-line field. This 
deformation, in fact, will produce a strengthening of the rigid 
region. 

Thus a solution of the continued plastic flow of the notched bar 
pulled in tension can be found with the notch root maintaining its 
rectangular form. With this configuration the analysis of the 
complete boundary motion follows easily, and is developed in the 
next section. A difficulty arises because of the fact that although 
the motion of all particles of the boundary is determined by the 
simple velocity field detailed in the foregoing, the subsequent bound- 
ary geometry is not determined uniquely. The singularity at 
the vertex C, and at the three other points similarly situated, offers 
the possibility of other configurations. This situation is illustrated 
by the displacement vectors shown in Fig. 4 which are calculated 
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on the assumption that the particle velocities determined by the 
initial motion are maintained for a time increment At, The part 
S-C of the boundary B-C moves to U-V with unit horizontal com- 
ponent of velocity, and the vertical component of magnitude 2. 
The part C-7 of the boundary C-R moves horizontally to W-X 
with a velocity of magnitude RV /CR, as developed in the next 
section. Thus material particles forming the original surface 
leave a gap between V and W which must be bridged by material 
originally below the surface. The arrow Y indicates the motion of 
a particle initially adjacent to C but in the domain H-C-K-J of 
Fig. 3, with the same assumption that it retains its initial velocity 
foratime At. It is seen that if such particles retained their initial 
velocity the corner would be rounded out. However, the assump- 
tion that the new boundary consists of U-V and X-W extended 
to their intersection is kinematically satisfactory, since as soon 
as an interior point comes to the surface at the apex it becomes 
part of either straight boundary and moves with it. 

This particular solution is determined by a particular trajec- 
tory of the singularity at C through the material, which opens up 
new surface material to supply the linear extension of the existing 
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boundaries. The situation is similar to that existing at the notch 
root in the V-notch solution (1). The question of choice between 
the various possibilities for the boundary configuration which de- 
velops from the initial singularity at C is discussed in the final 
section. It is shown there that a stability argument suggests the 
extension to intersection of the straight boundaries U-V and 
X-W. 

Thus, as the extension proceeds, the notch surfaces in the 
plastic region retain their rectangular form. R-P in Fig. 3 de- 
creases in magnitude, while C-D increases. This change in the 
geometry of the notch, prescribed by the increasing ratio CD/RP, 
changes the form of the slip-line field. R-N, which is directly 
proportional to C-D, increases, and combined with the decrease 
in R-P, causes a more marked decrease in N-P. The constant 
length of the normals between their orthogonal trajectories 
G-H-J-O and C-K-N demands the equality of N-O and C-G, which 
implies the equality of B-C and N-P. Thus, as plastic flow 
continues, B approaches C, and at some stage in the extension 
they will coalesce. The form of the solution then changes. The 
horizontal notch boundary A-C is then part of the rigid region, 
and the configuration shown in Fig. 5 occurs. Immediately fol- 


lowing the disappearance of the plastic boundary B-C in Fig. 3, 
C-K in Fig. 5 is horizontal, but as R-P decreases as a result of the 
subsequent plastic flow, a smaller value of < K-C-L is required to 
extend the plastic region to the center of the notch. 














Again, the stability considerations of the final section suggest 
the continued existence of the right-angled vertex at C, and the 
boundary (-D moves horizontally as a rigid body according to a 
development similar to that used in the case of the configuration 
in Fig. 3. C-D increases, and R-P decreases until L and P co- 
alesce, the angle A-C-L having been reduced to zero, and the 
configuration again changes. The further development is shown 
in Fig. 6, and in this case the stability discussion does not suggest 
retention of the right-angled vertex at C. 

In Fig. 6 the plastic field consists of the uniform tensile stress 
slip-line field C-D-P. C-D moves horizontally with velocity 
unity, while the plastic rigid boundaries C-P and P-D remain 
fixed in space. The initial position Cp of C when this configuration 
first obtains determines a bend in the rigid boundary, and the 
newly developed boundary is the straight line C;-C. This part of 
the solution is the reverse flow of the pressing together of two 
wedges, or a wedge against a smooth flat surface, as given by Hill 
(15). This configuration applies until C, D, and P coincide at P 
and the two flanks of the notched bar separate. 

Thus the entire motion can be developed using the slip-line 
configurations shown in Figs. 3, 5, and 6, and the development 
through these stages from the initial geometry determines the 
changing form of the notch. Some details of the velocity solution 
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are given in the next section, and a particular solution is dis- 
cussed in the following section. 


Bounvary Morion 


The motion of the horizontal boundaries A-C and F-D has been 
derived in the foregoing. The uniform velocity of the remaining 
part of the notch boundary C-D can be determined simply by 
expressing the condition for incompressible flow in terms of 
boundary motion. Fig. 7 repeats the configuration of Fig. 3 in 
order to discuss this aspect. We consider the total out-flow 
across the boundary B-M-O-P-R-C, which must be zero for an 
incompressible material. There is no flow across the boundaries 
B-M, R-P, and O-P and the rest give the relation 


1X MO = 2BC + uw XK CR. 


Expressing this in terms of the dimensions a, », and ¢, shown in 
Fig. 7, we have 
c—b RN (3) 
v% = - le 
a CR 

Now the configuration C-2-D-N remains geometrically similar 
throughout the flow until B and C coincide, and the Ratio [3] 
retains the value* 3.64. Thus, while the configuration of Fig. 3 
applies, the boundary C-D moves with constant velocity. 

The changing geometry of the notch root can now be evaluated 
simply. While the configuration of Fig. 3 applies 


-RN = c — 3.644 


b=c 
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a = 2,c = —3.64, therefore b = —10.92. 
These velocities determine the velocities of all boundary points 
shown in Fig. 3. For example, Bo, the initial position of the 
point B, subsequently remains in the upper rigid region, and moves 
vertically with unit velocity. Since the center line of the notched 
bar is fixed in space, the configuration point B (to be distinguished 
from the material particle velocity there) has the horizontal com- 
ponent of velocity — (b + c) = 14.56, and vertical component 
a = 2. In this way the motion of all boundary points can be 
evaluated, and successive positions of the boundary determined. 
After N and P coalesce, geometrical similarity of the field 
C-K-P-M-D-R in Fig. 5 no longer obtains. The incompressible 
flow discussion carries through, however, and since b = 0, Ratio 
[3] becomes 


but this ratio no longer remains constant as for the previous con- 
figuration. Since the vertex ¢ is now bounded above by the rigid 
region, a = 1, anda = a, + t, where a; is the value of a when this 
configuration is initiated, and f; is the time measured from 


this instant. Ratio [4] therefore gives the differential equation 


with the solution 


Now (a, ¢) are the Cartesian co-ordinates of the vertex C, so 
that throughout motion according to the configuration of Fig. 5, 
C lies on the rectangular hyperbola ac = a,c;. Since the entire 
upper boundary to the left of C moves with unit velocity as part 
of the upper rigid region, the boundary configuration correspond- 


ing to any position of C is simply determined. This type of mo- 


tion continues until a and ¢ attain equal values a; = ¥ leat when 
the configuration of the type shown in Fig. 6 is initiated. 

For this geometry a = c, and application of Ratio [4] gives 
- ts, where a2 is the value 


} 


%= l. Thus c = a = l, and a= de 
of a when this configuration is initiated, and f. is the time meas- 
ured from this instant. The part of the boundary AC.C moves 
with the unit vertical velocity of the rigid region, so that its 
successive positions can be determined readily. 

The two halves of the notched bar part when a = a: —— ts = 0, 
thus tf, = a, added to the time during which the previous con- 
figurations obtain gives the total time of extension, and thus the 
total motion of the rigid shanks. 


A Particutar Case 


The boundary motion has been worked out in detail for a par- 
ticular case, with an initial ratio c/a of 10. The changing 
geometry of the notch boundary is shown in Fig. 9. (p> is the 
initial position of the vertex C, and the configuration of Fig. 3 
applies. This changes to Fig. 5 at C, and to Fig. 6 at (>. 

Initially bo = 10 ao —- 3.64 a9 = 6.36 ao, and with }, = —10.92 
as detailed in the previous section, 6 is reduced to zero with a con- 
sequent change in configuration at ¢ = 0.582 ay. At this time 
a = a, = 2.164 a, c; = 3.64 a, = 7.88 ap. 

These values of a; and ¢ determine the hyperbolic locus of C, 
Equation [6], during the configuration corresponding to Fig. 5, 
which ceases when a2 = ¢. = ¥\ ‘at, = 4.1349. The corresponding 
value of t,, Equation [6], is 0.909 a, = 1.967 ao, giving the total 
time to this instant 2.549 ap. 
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The final configuration corresponding to Fig. 6 continues to a 
time f, = a; = 4.13 ap, so that the total time of extension before 
separation is 6.679 ap. The relative separation between the flanks 
is therefore 13.358 ay since their relative velocity of separation is 2 
throughout. 

Any other rectangular rooted notched bar can be handled in a 
similar way. If the initial ratio c/a > 3.64 all three configurations 
occur, if 3.64 > c/a > 1 only the latter two, and if ¢/a < 1 in- 
itially, an unstable situation similar to necking in a eylindrical 
tensile specimen arises and the subsequent motion is not uniquely 
determined, although the present theory indicates that only the 
vertical notch boundaries will deform appreciably. 

It is interesting to note that essentially the same type of solu- 
tion will go through if the upper and lower notch boundaries are 
equally inclined to the horizontal at some angle other than zero 
to form a V-notch with a vertical root. 


STABILITY OF THE VERTEXES 


It was shown in the section, Solution for Finite Strain, that 
the initial motion solution determines uniform velocities for the 
individual linear segments of the notch boundary adjacent to 
the plastic region. However, because of the singularity at the 
vertex C in Fig. 3, it is shown in Fig. 4 that the uniformity of the 
velocity of segments of the boundary does not necessarily imply 
that the boundaries simply remain straight lines intersecting at 
right angles. The points V and W in Fig. 4 must be connected 
by a surface consisting of material which initially lay below the 
surface of the notch. The determination of the detailed motion 
in this region depends on whether or not the vertex continues to 
exist, and if it does, how it moves relative to the material. This 
situation could be investigated thoroughly by considering a small 
rounding off of the vertex, which would remove the singularity, 
and studying the motion of this system. Such an investigation is 
not carried out in the present paper. However, the stability cri- 
terion of investigating the force required to produce various 
kinematically admissible solutions, and considering the one re- 
quiring the least force at each extension value to be that occurring 
in practice, offers an alternative approach. 

It is shown in the same section that the free boundaries of the 
plastic region maintaining their form of straight lines intersecting 
in right angles constitute a kinematically admissible solution. 
The displacement diagram, Fig. 4, indicates the tendency 
toward rounding out of the vertexes. It can be shown that such a 
rounding out increases the total tensile force, thus implying the 
stability and physical occurrence of the solution analyzed in this 
paper. That the additional material does not decrease the tensile 
force has been stated by Drucker, Prager, and Greenberg (16). 
However, this work can be extended readily to show that the 
force is, in fact, increased. With rounded-out corners, a slip-line 
field as depicted by the full lines in Fig. 8 arises. Let this 
stress field be given by the distribution o,;, and correspond with 
the tensile foree 7. Now consider the stress distribution 0;;", 
given by the broken slip lines for the notch with vertexes, and 
corresponding force 7’. Let us consider the boundary with the 
rounded corners, consider o,," to be zero in the added material, 
and make use of the velocity field u; and the strain-rate field €,; 
associated with o,;;. Then the equation of virtual work can be 
written 


. - bd . 7 
aT T*) = S (0, o,;")€,dV 4 JS (k tT’ )udSp 
where the first integral is taken over the volume of the bar, and 
the second over discontinuity surfaces of the velocities u, (for de- 
tails of this type of relation written in the foregoing form see 
Hill, reference 13). Now, since o;;" does not violate the yield con- 


dition, and from Fig. 8 is clearly not identically equal to o;, 
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In the stability discussion we have considered only the possi- 
bility of the vertex rounding out, as suggested by the displace- 
ment field in Fig. 4. Is it possible for the vertex to sharpen and 
indent below the line of the initial boundaries and give flow with 
a still smaller force? This possibility is discounted in the present 
analysis since the maintenance of the vertex is determined by the 
boundary motions, and it does not seem plausible that it would 
penetrate with a velocity greater than that of the boundaries and 
subsurface material. It seems that an indenter at the vertex 
would be necessary to make the singularity move in this way rela- 
tive to the material motion. Presumably this difficulty also could 
be analyzed rigorously by rounding out the initial vertex and 
evaluating the resulting motion. 

This discussion has indicated that the solution presented satis- 
fies stability conditions, which imply development of plastic flow 


t= 66790, 


a 





























Poth of B 



































+20 58200 





Poth of C 











wn ofc 




















Pane liiatai 











Fia. 9 


throughout the region of plastic flow, €;; # 0, the integrals on the 
right-hand side are positive and 7 > 7. Although this argu- 
ment proves the inequality, the magnitude of the force difference 
is not demonstrated. This can be obtained by studying particular 
examples, and for example, Hill (11) has shown that a fully 
rounded-out notch having a semicircular root demands an 
appreciable increase in force. The force comparison should be 
strictly made at the same extension, and for rounded-out vertexes, 
incompressibility would imply a slightly narrower notch root 
width and thus a slight reduction in the force on this account. 
This will be a small effect, and a check in the case of the semi- 
circular bar shows it to have an appreciably smaller effect than 
the increase in force discussed in the foregoing. 

The same argument carries through for the configuration of 
Fig. 5. In the case of Fig. 6, an increase in length of the vertical 
boundary C-D does not reduce the tensile force to produce plastic 
flow, since no more favorable distribution than uniform stress at 
the root can be attained. Thus, in this case the initially right- 
angled vertex fills out to give the boundary AC2C, to make full 
use of the force reduction associated with the maxinium reduction 
in notch width mentioned previously. 


as evaluated in this paper during continued extension of the 
notched bar. 
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Transmission of Tension From a 
Bar to a Plate 


By J. N. GOODIER? ano C. S. HSU®* 


When a bar or strip is lap-jointed to a plate, and trans- 
mits tension to it, the transmission is not effected only 
by a smooth distribution of force along the lap joint; 
there is also a highly concentrated force, a considerable 
fraction of the total tension, where the bar meets the 
plate, and a second force at the end of the bar. These 
forces are investigated by strain-gage measurements for 
various lengths of lap, and by a plane-stress calculation, 
with fair agreement. The results suggest that the fatigue 
strength of such joints will depend on the detailed local 
character of the joint where the bar meets the plate, 
rather than on the length of the joint. 


TRANSMISSION OF A Force tN LApPED PLATES 


HE main object of investigation is the manner in which 
fee is communicated from a bar or strip to a semi- 
infinite plate (as in Fig. 4a). For this we require the 
theoretical results obtained in this section for the more general 
problem indicated by Fig. 1. A thin flat plate D, overlaps another 


\ 


__ 
——" ™ 


Fie. 1 Lap-Jomntep Tain Plates 


thin flate plate D,, the two being bonded together over the whole 
of the common surface D. The assemblage is in equilibrium under 
some set of in-plane forces applied to the nonoverlapping parts of 
D, and D;. A complete analysis necessarily would include bend- 
ing of the plates as well as the deformation in their planes (plane 
stress). Here bending is excluded. D,, although represented as a 
single plate for simplicity, may actually consist of two equal 
plates, one on each side of D,, as in the test specimen to which the 
theoretical results are to be applied. 

If the Poisson’s ratios »;, ¥:, of D, and Dz, are the same, the 
force transmitted by the bond at the common surface D is a line 


' The results reported in this paper were obtained in the course of 
research carried out under a contract between the Office of Naval Re- 
search and Stanford University (N6 ONR 251 TO 12). 

* Professor of Engineering Mechanics; Stanford University, Stan- 
ford, Calif. Mem. ASME. 

+ Research Engineer, International Business Machines Corporation. 
Poughkeepsie, N. Y. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 29-December 4, 
1953, of Tae American Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary. 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 12, 1954, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, May 25, 1953. Paper No. 53—A-41 


distribution confined to the periphery of D. No force is trans 
mitted by the bond in the interior of D. The (uniform) thick- 
nesses of the plates, and their Young’s moduli, need not be iden- 
tical. 

To prove this we observe that the differential equations for 
elastic displacement u, v in a thin plate in plane stress are two of 


the type‘ 
+vo fou ov X 
+ + = () 
-vor \Or Oy AG 


with Y meaning body force per unit area, v Poisson's ratio, A the 
thickness, and G the shear modulus. If a finite, simply connected 
plate has prescribed displacements all around its edge, the solution 
of the boundary-value problem determines the displacements 
throughout the interior. The displacements are effected by a 
line distribution of force around the edge, as well as the body 
force. 

The part D of the plate D, and the part D of the plate D, pre- 
sent two such problems. Their displacements are the same 
throughout, because they are bonded together. The body (bond) 
forces are equal and opposite. Using subscripts | and 2 for D, and 
D, we may write 


Ou Fu 1+4+n, 0 fdu ov X 
+- s = + + = 
or? «Oy? vy, Or \Or dy AG, 
and a companion equation, for D,, and 
fu Wu 1+” 0 fou or X 
+ + + - = 
or? = oy? l v, Or \Or oy AG, 
and a companion equation, for D,. Subtraction® shows at once 


that Y = 0 provided vy, = ». It is not necessary that the shear o: 
Young’s moduli be the same, nor that the thicknesses be the 


Ou O7u l 
— + 4. 
or? = Oy? l 


same. 

When the Poisson's ratios are different, the body (bond) force 
will not, in general, vanish. We may expect that the force is 
transmitted by this distributed bond force over D together with a 
line distribution round the periphery. 

In any case it is possible to deduce the line distribution of force 
around the periphery of D, and the stress in the overlapping plates 
just inside the periphery, when the stress is known in D, or 
(D,) just outside the periphery. The relations involve only local 
values at a point of the periphery. If, for instance, the plates are 
welded around the periphery of D, measurement of the strain at a 
point just outside will suffice for the evaluation of the force per 
unit length transmitted by the weld at that point. 

Fig. 2(a) indicates the region D of the plate D, and also a smal! 
rectangular element of D, through which the periphery passes. 
This element is also shown in Fig. 2(b) with stress components 
O'n, O'n, Tn ON the “outside,” o,;, On, Tas ON the inside, and 
line forces Fs and F,ds along and normal to the periphery. 

4 

‘See, for instance, ‘*Theory of Elasticity,”’ by S. Timoshenko and 
J. N. Goodier, McGraw-Hill Book Company, Inc., New York, N. Y., 
1951, problem 7, p. 28. 

‘The authors are indebted here to Dr. F. 
provement on the original argument. 
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Taking the ratio of the sides of the element dn/ds to zero limit, 
equilibrium requires 


t(On o'n) = F,, th( Tra ‘on? Foca 


where ¢, is the thickness of the plate D,. 
The underlying element of Dy is indicated in Fig. 3, with stresses 


Vsz 
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Ow, Tn, Ta, and forces Fds, F,ds as edge forces. Equilibrium 
yields 


lo no = Wie beT nse = F, 


where ¢, is the thickness of the plate D». 

Since complete correspondence of displacements in the D-region 
in the two plates is preserved (by the bond over D when the 
Poisson’s ratios differ), the strains (in the plane) are the same for 
the two plates throughout D. 
and just inside, the periphery, is the same as the value just out- 
side in D,, denoted by €’. We have, therefore, with y for shear 
strain 


The extensional strain €,, along, 


é = é'a3 €se = En; Ene = Ent; 3, § 3d. 6} 


Ynez = Ynei-...- 


Elimination of F,, F, | 
two equations 


vetween Equations [1] and [2] yields the 


biOm + b2On2 = b0'm; titan + Trae = UT’ nat [7] 


When the stresses are expressed in terms of the strains by the 
plane stress-strain relations 
Ee, = d0,— 


vo,, Ee, = 0, Tn, GY¥ns = Tre . (8} 


the Equations [7] become (G denoting shear modulus 

(t:B1/(1 — m4?) (€nr + Men) + [teH2/(1 — v2?) \(€ng + Vr2€,2 
= [t,£,/(1 — 7) }Ce’n + me's) 

LGiYna + b2G2¥ne = UGY'na 


We now write in accordance with Equations [3, 4, 5, 6] 


= €1 = Eo = €'; En = Eni = €n2} Yue = Ya. = Yona. [11] 


regarding €,, €n, Ya. 28 quantities to be found in terms of the out- 
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side values €’n, €’n1, Y'nu- Equation [10] becomes an equation 
for Yns, and Equation [9] an equation for €,, giving 


' t2E(1 
“LE 


With these and the first of Equations [11] the strain in the two 
plates just within D is completely expressed in terms of the strain 
just outside. To calculate the line force F,, F, per unit run, we 
may substitute in Equation [2] the stresses On2, Tn deduced from 
€s €n, Yns by means of the stress-strain relations of the type 
{8]. Then 


[1 + (4G2/Gi) Pyne = Y'nu 


v,?) i LEA1 y,? . 
- En = €'n ; — Vr€" 5 
— v2") ” 6hi—an” * 


P Ext, ’ 
P. - ~< — (€, + ve,); F, = 


5 conta [14] 


LGrY ns 


and by use of Equations [12] and [13], with [11], we find 


- VyV2)O' ny (vy; — v2)o’ 
Ext, 
Este 


al 


(1 


iG, 
4 
bGe 


When », = v2, and consequently the bond force consists of the 
line force only, these become 


Et, 
Et. 


and when ¢, 


l 

I a = 0 1, . F 
9 9 
- « 


t; T ‘onl [ 18 | 
indicating that one half of each type of load in D,—normal and 
tangential—is immediately communicated to D,. This may be re- 
garded as immediately apparent in this simple case, since D; may 
be considered to “fork” into two equal layers of the half-thick- 
ness. 


TRANSMISSION OF TENSION FROM A STRIP TO A PLATE 


Fig. 4 shows a “bar” consisting of two equal strips Ds, attached, 
to a semi-infinite plate D,;. The thickness of 


one on each side, 


2b 
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each strip is one half that of the plate. The materials being the 
same, we have the case covered by Equations [18], and these in- 
dicate that half of the tension in the strips is immediately com- 
municated to the plate. This implies an abrupt 50 per cent drop 
of the tension in the strips where they meet the edge of the plate. 
At the ends of the strips, on the plates, line load on the bond 
periphery is also to be expected; that is, the tension in the strip 
will not fall smoothly to zero toward the end, but to some non- 
zero value. with an abrupt fall to zero right at the end. 

These expectations are borne out by wire resistance strain-gage 
measurements made on a monolithic model machined from a solid 
steel plate. Fig. 5 shows the axial tensile strain of the strips 
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ow = t.€,/teE, =! 
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of length until the length was down from 10 in. to3 in. The 3-in. 
curve is shown in Fig. 6, followed by Figs. 7, 8, 9, 10 for lengths 
2, 1, '/2, '/« in., respectively. The sudden drop to zero tension at 
the inboard end is now apparent. 

The gages used were '/, in. and '/\¢ in., the latter in the region 
of rapid variation of strain where the strips enter the plate. The 
points to the left of the origin, corresponding to measurements 
in the free parts of the strips, were obtained from gages on each 
side of each strip, to eliminate bending. 
of the attached parts also were paired to eliminate bending 


The gages on each side 


Tue THEORETICAL PROBLEM 


The problem of a bar or strip attached to a plate and transmit- 
ting force to it has e natural formulation in terms of integral equa- 
With 
the exception of Glover (3), who arrives at the abrupt changes of 
tension in the bar through the singularity of the kernel of the in- 
tegral equation, the significance of the line loads around the bond 
Here we derive the calculated curve in 


tions, as in the papers of Reissner (1)* and Benscoter (2) 


has not been recognized. 
Fig. 5, taking advantage of the results of the first section as to the 
line loads and the abrupt changes of tension, the integral equation 
being required only for the determination of the smooth curve 
within the attached length of the strip. 

In the papers referred to, and also in the calculations of Monge 
(4), the bar is regarded as indefinitely slender and so as applying 
a line load to the plate, Fig. 4(6). The results of the first section 
show that the strip, regarded as a narrow rectangular plate, will 
communicate load as a line load all around the periphery of the 














xin) 
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along the middle line, the length of the latter bonded to the plate 
being 10 in. Points (crosses) for an 8-in. length also are shown. 
The calculated curve in Fig. 8 was derived by a method to be 
explained. It will be observed that the sharp drop of tension at 
entry to the plate appears to exceed somewhat the predicted 50 
per cent, but there is of course no abrupt discontinuity on account 
of the finite thickness of the strip, interposed between gage and 
bond, and also of inevitable departure from a strictly plane state 
The points to the left of the origin represent measure- 
The simple tension value is 


of stress. 
ments in the free part of the strips. 
not reached immediately because the plate imposes a lateral re- 
straint on the strips which is felt to a distance of about one strip 
width away from the edge of the plate. The drop of tension to 
zero at the inboard end of the strips appears as very small. 
The measurements were repeated for shorter lengths of strip 

by machining off the end parts. The curves for the remaining 
length of strip remained essentially unaffected by these reductions 


Therefore it will apply two line loads along its two longi- 
But if the strip is re- 


bond. 
tudinal edges, in addition to the end loads 
garded as a narrow rectangular plate, rather than as a bar acting 
in uniaxial tension only, it is affected by lateral stress induced by 
the attachment to the plate. Taking this into account would 
lead to excessive computation. The present work was limited to a 
calculation in terms of a single line load, on the axis of the strip, 
in order to see how well theory of this type can predict the ob- 
served results. 

The Integral Equation. As in Fig 
(x > O) is stressed by a concentrated force Q,; at z = 0, a con- 
centrated force Q, at zr = a (the end of the strip), and a dis- 
tributed load q(x) per unit length in 0 < z < a. 

The strain at (z, 0) in the x-direction, due to a force F, Fig. 11, 


i(+), the semi-infinite plate 


wcting at (£, 0) in the negative x-direction, is (5) 


6 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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_ AK(2, &) where 4A(z, —) = 
Thr, o— é 


5 — 2v + v? (x — &) 
= ~ * 1 +») é 
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.. [19] 
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and therefore the strain €,(z, 0) due to the loading Q:, Q2, and 


q(x)is 


€,(2,0) = 


| axis, 0) + Q(z, a) 


+f kK z, buen |. (20) 
0 


Writing p(z) for the tension in the strip, we have a tensile strain 
p(x)/(2bt,E;) which must be identical with the strain [20] in the 
plate. We have also 


1 
wt.Ks 


i 
g(t) = —<, ple). (21 | 
dé 


and therefore 


Qht, FE, 


Xr) = 
’ twik, 


| aes 0) + Q.K(z, a) 


a 
d 
K(z, &) wee | [22] 
0 dé 


as an integral equation for p(z). By Equations [17] the value of 
Q, is, in terms of the tension P applied to the strip 


P (: + = 
Eots 
and we have also Q, = p(a). 

The solution of Equation [22] for the specimen tested was car- 
ried out numerically by reducing Equation [22] to eight simul- 
taneous algebraic equations for eight values p,, p» 
at eight selected points in the interval 0 < z <a. The kernel 
A(z, &) has a singularity at z = €, arising from the first term in 
Equation [19]. The integral in Equation [22} is thus an improper 
one, and the physical situation requires the Cauchy principal 
value. For the calculation, the integral was replaced by an ordi- 
nary integral by the following treatment of the part due to the 
singular term 
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ik dé x 
= log - 
o z—é a—z 


Here p’(&) means dp(&)/d& and p’(z) means dp(x)/dz. The first 
integral on the right is ordinary since p’(z) has a derivative at any 
point between z = 0 and z = a. The points used were z/a = 
0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.7, 0.9, and it was assumed that 
p(a) = p(0.9a). Simpson's rule was used for the integral. 

The curve obtained is shown in Fig. 5, with the designation 
“calculated.”” The agreement with the measurements is only 
fair. 

However, in view of the abrupt communication of half the ten- 
sion P to the plate at its edge where the strip enters, the fatigue 
strength of an attachment of this kind will depend on the detail in 
this region rather than on the exact form of the q curve. 

Fig. 12 shows a second calculated curve for case 2b/a = 1/10, 
as when the strip is twice as wide as in first case 2b/a = 1/20. 
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The Stresses in a Flat Curved Bar Resulting 
From Concentrated Tangential 
Boundary Loads 


By NING-GAU WU? anno C. W. NELSON? 


The Fourier integral method is applied to plane-stress 
problems of a curved bar bounded by two concentric circles 
and loaded by concentrated tangential boundary loads. 
The solutions presented may be combined with results 
given in previous papers (1, 2)‘ dealing with radial bound- 
ary loads so as to obtain the stresses in a curved bar loaded 
by any combination of concentrated boundary loads in- 
clined at any angle to the radial direction. 


INTRODUCTION 


N previous papers (1, 2), Fourier integral solutions were pre- 
sented for the stresses in flat curved bars loaded by radial 
loads on the circular boundaries. In this paper a Fourier 

integral solution is developed for the problem of a flat curved bar 

loaded by concentrated tangential boundary loads as shown in 

Figs. 1 (a) and (b). A plane-stress condition is assumed through- 

out this paper. 

Since it is apparently impossible to apply pure tangential 
forces to the surface of an elastic body, it should be pointed out 
that the results for Figs. 1 (a) and (6) may be combined with 
previously published results (1, 2) for concentrated radial bound- 
ary loads. By such superposition, the stresses in a curved bar 
loaded by any combination of inclined boundary loads may be ob- 
tained. In addition, there are many possibilities for the applica- 
tion or extension of the results of this paper to other elasticity 
problems. Examples of such problems are a curved bar loaded by 
internal forces; the plane-stress approximation of a spoked whee]; 
the plane-stress approximation of the transmission of torque 
between a wheel and axle; and, for the special case of a straight 
beam, the plane-stress approximation of the press-fit problem. 

This paper deals with open rings while some of the examples 
just listed are closed-ring problems. This apparent inconsistency 
disappears if it is recognized that a Fourier series solution for a 
closed ring can be replaced by a Fourier integral approximation, 
usually with extremely good accuracy if care is taken to remove 
any dislocations introduced by the process. For ratios of a(inner 
radius)/b(outer radius) approaching unity, the Fourier integral 
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solution would presumably be more convenient to evaluate than 


a ‘ : 
the slowly convergent { for — i) series solution. 


The authors recognize that, for ordinary design purposes, most 
of the problems listed in the foregoing paragraph should be 
handled by approximate methods. For example, some of them 
should be treated by an approximate theory for the bending of 
curved beams. On the other hand, there are many problems 
where stresses are affected by the proximity of loads and there are 
at least a few cases where methods such as used in this paper make 
it possible to estimate such effects (see, for example, Table 4 of 
reference 2). The solutions given in this paper, like any elas- 
ticity solutions for problems involving concentrated loads, should 
not be applied in the immediate neighborhood of the points of 
application of the concentrated loads. In practical applications, 
all loads are distributed. In some cases the curves presented in 
this paper can be used as influence lines in dealing with distributed 
loads. 

Throughout this paper the thicknesses of the bodies perpen- 
dicular to the plane of the paper are assumed to be unity so that 
the load P in Fig. 1(a), for example, represents force per unit 
thickness. In Figs. 1 (a) and (b) the wall at the left end of each 

2am is shown only to indicate which end of the beam is supported 
and the solutions which are presented do not hold in the imme- 
diate vicinity of the wall. 


The problems illustrated in Figs. 1 (a) and (b) will be solved by 
determining Airy’s stress function which will be denoted by y. 
This stress function must satisfy the biharmonic equation 

V9V%f = 0........ {1} 
where VY? stands for the Laplace operator which, in polar co- 


ordinates (r, @), is 
°° 
V* = — + 


1 0 1 3 
or? r or 


r? 0g? 
The stresses must be determined from the stress function by the 
equations 
Lay 14 
r Or r? od? 


ory 
dor? 


2 (1 24) 
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Stresses determined by Equations [2], [3], [4] will satisfy equi- 
librium and compatibility requirements. In each of the problems 
considered, a proper combination of solutions of Equation [1] 
must be formed so that boundary conditions will be satisfied. 


BenpInG Wrrn Loap on INNER CrrevuLaR 


BOUNDARY 


ANTISYMMETRICAL 


The solution for Fig. 1(a) will be obtained by superposition ot 
two solutions one of which will be derived in the following section 

Fig. 2(a) shows a portion of a circular ring with circular 
boundafies r = a andr = } and radial boundaries which, for con- 
venience, are shown at @ = 7/2 and @ = —1/2 radians. Radial 
boundaries at @ = +m7/2(m = 5, 9, and so on) would be more 
appropriate to the method of solution and should be regarded as 
being physically possible since the problem is one of plane stress 
and the thickness of the ring may be very small so that the ends 
may slip past each other like the coils of a flat spiral spring. The 
ring is loaded by shear stresses p, uniformly distributed from 
@ =~ Bto@d = Bonthe inner boundary r = a. The magnitude 
and sense of these shear stresses are such that their force resultant 
has the magnitude P and acts toward the right. Assuming the 
internal stresses in the curved bar to be antisymmetrical with 
respect to the cross section @ = 0, the resultant force P will be 
balanced by two shearing forees P/2 acting toward the left, one 
at the cross section @ = w/2 and one at the cross section @ = 

7/2, and by two moments '//2 acting as shown. 

After the stress function for Fig. 2(a) has been derived, the 
stress function for Fig. 2(6) will be obtained by letting 8 approach 
zero in the solution for Fig. 2(a), at the same time specifying that 
the resultant tangential foree on the inner boundary shall remain 
finite and of magnitude P. It should be noted that the assump- 
tion of uniformly distributed shear stress on the inner boundary 
from @ = —Bto@ = 8 asin Fig. 2(a) is not essential in order to 
arrive at a solution for the problem of Fig. 2(b). Any other con- 
figuration of distributed load may be assumed in Fig. 2(a) pro- 
vided it gives a concentrated load P at @ = 0 when the limit proc- 


ess is applied. 


Fig. 2 


Because of the antisymmetrical system of loads in Fig. 2(a), a 
solution for that problem can be obtained in integral form by tak- 
ing the limit of the sum of many particular solutions of Equation 
{1], each particular solution having the form 


"+ d*’r-**?) sin n@ [5] 


where n is not necessarily an integer. 


The boundary stress conditions for Fig. 2(a) are 


= Fo) 


(Oy rad : [9] 


Although y, og, 9, are odd functions of 9, it is clear that 7,4 and 
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F(@) are even functions of @. F.(@) may be defined in the inter- 
val—~ <@< = as follows 

Fd) = 0 for o<o< B 

Fd) = pfor—B<o<8B 

F(o) = OforB<o< @ 


From the formula 


= = ‘ 
- dn JI F(A) cos n@ cos nd dX. {10} 
T 0 


0 


Fi) = 


which expresses an even function of @ as a Fourier cosine integral, 
it can be shown that 


9 


Fd) = 
rT JO 


P ., ; 
sin nB cos nd dn [11 
t 


For the limiting case when 8 approaches zero but the total load 
on the inner boundary remains finite and equal to P, Equation 
[11] reduces to 

2 —- 


Lim F,(@) = cos n@ dn 


30 x Jo 2a 
Equation [12] is applicable to Fig. 2(»). 

One step in the solution of the problem of Fig. 2(b) will be to 
form a sum of many stress functions y, such as given by Equation 
[5]. Boundary conditions [7], [8], and [9] can be satisfied 
separately by each Y,. Application of these three boundary con- 
ditions results in the elimination of three of the four constants 
d,, ¢,', 4,’ so that Equation [5] takes the form 


Cnr Ony On 


a"*1¢,’ g(r, n) sin nd 


(n + 2)a2(b™ 


¥, = 
(n — 1)[n*%a2*(b? a’) — a**)] 


where 








The algebra required in order to arrive at Equation [13] has been 
omitted. The details of this derivation are given in reference 
(4). 


The stress function 


v,, An 


n=0, An, 2An 


obtairied by forming an infinite series of stress functions of the 
type given in Equation [13] each multiplied by An will still 
satisfy boundary conditions [7], [8], and [9]. As An approaches 
zero, the limit of this infinite series becomes 
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(15) 


v= f, vaan 


Application of Equation [4] to the stress function of Equation 


[15] gives 
= (: os) a [16] 
or r OO 


The remaining boundary condition [6] when considered in con- 


junction with Equation [16] requires that 


ia o (1 oy, 
, = in 
rh) f or (: ae )L« 


Comparing Equations [12] and [17], it may be seen that 
f ff ao f1 wy, P 
T 
J0 1 Or r _ Ta 
a" \? (* a y 
ai — 
b* a b 


(n + 2)a%(b2" — a®*)] 


cos not dn = 0 


Jann + 1)a"h" 


) b"[n2a2"(b? 


> 
>cosnddn = 0 
Ta 


{19} 


| 


toad 


Equation [19] must hold for all the values of @ and this requires 
that the integrand in the left member of the equation must be 
zero, from which 


r [n*a?™(b? —- a?) — (n + 2)a2(b?" — a™)] 


Qn b= sa" \? b 
n(n + 1)a**! —_——— —n? - 
a” b” a 


Therefore the stress function for Fig. 2(b) is 


oo 


> g(r, n) sin nd dn 


F : 
b* 
2r n(n? — »| ( ) 
0 a” 


"= 
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where g(r, n) is given by Equation [14] and the subscript 1 has 
been added on W to distinguish this stress function from others 
used in this paper. 


By introducing the new symbols 


z=ntin 
a 


where 


and 


sinh In 
a 


| 
In 2a In 
a a 


Equation [21] can be put in the form 


(b? rz?) 
E — zsinh Az 
Xz? l 
b In 
In 
Pam 9 
» = cosh Az 


(r? a’) : 
; 2 sinh Bz 
z sinh z 
a In 
a 


| 
| 
| 
| 
} 
| 
| 


sin ?z dz.. [24] 


2 
) 
cosh Bz 


x Xz sinh Az 


2a sinh z sinh Bz 
2 


(sinh? z X22?) 





Since the stress function is only a tool to be used in evajuating 
the stresses, it is not of much value to be able to evaluate the 
stress function at various points (r, @) unless such evaluation 
makes it easier to find the derivatives of Y required in Equations 
(2}, [3], [4]. The only real positive root of the factor 


in the denominator of the integrand in Equation [24] is z = 
In(1/a@), i.e., n = 1. The only real positive root of the factor 
(sinh? z — X*z?) in the same denominator is also z = In (1/a). 
Thus the integrand appears to contain the factor [z —In(1/a)]* in 
the denominator. However, it can be shown that the numerator 
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of the integrand also contains the factor [z In (1/a@)]. This 
can be shown by substituting z = In (1/a@) and sinh z = Xz =X 
In 1/@ into the numerator which then reduces to zero. This ex- 
plains why the stress function of Equation [24] can be integrated 
to obtain a finite value for a general point (r, @). The stress func- 
tion of Equation [24] is an improper integral but is quite usable 
and has a value, and only one, for each point (r, ). 


Two Prospiews INVOLVING SYMMETRICAL BENDING 


Fig. 3(a) shows a portion of a circular ring subjected to pure 
bending by end moments of magnitude Pa/2 having the sense in- 
dicated in the figure. Fig. 3(b) shows a half circular ring sub- 
jected to end forces P/2 acting as shown in the figure. The solu- 
tions for these two cases were obtained first by H. Golovin. 
The stress functions for Figs. 3(a) and (b) will be denoted by 
¥2 and ys, respectively. The expression for Wz is (3a) 

J 4a%b? In (b/a) In r + 2(b? — a*)r? In r 
(b? — a? + 2(b? In b — a® In a) r?/ 


. j b\2 
2 | (b? — a*)? — 4a*b? In 
a 


The expression for Ws is (35) 


Pa 


[25 


a*h? " 
P| r? —— — Ab? + a*)rinr 
, 
= 
t 





r cos @.... [26] 
— a’) {- (b? + a?) In °] 
a 


O71 = 6,;(a,b,7r,0,P) 


ath? b 
2Pa | — In- + b? In 
r? a b 


Fig. 3 


CANTILEVER CurvED Bar WitH SInGLe TANGENTIAL LOAD ON 
INNER CurvVED BouNDARY 

The stress function for the problem shown in Fig. 1(a) will be 

denoted by Yr and, by the principle of superposition, it may be 


expressed as 


v1 ae ¥1(a,b,7,,P) = Vv; + v2 + Vs . [27] 
CANTILEVER CurvED Bar Wiru SINGLE TANGENTIAL LOAD ON 
OvurEeR CurveD BouNDARY 
The stress function for a cantilever curved bar with a single 
tangential load P,; on the outer curved boundary as shown in Fig. 
1(b), will be denoted by Yu. It may be derived by the procedure 
used in obtaining yr and the result is 


Wu = ¥1(b,a,7,0,P1) 


DETERMINATION OF STRESSES From Stress Functions 


[28] 


When the operations indicated by Equations [2] to [4] are 
performed on the stress function given by Equation [27], the 
stresses for the problem of Fig. 1(a) are found to be 


Riz a 
+a’ ln - 
b r 





(b? — at)? — 


ath? 
Pir+t+ — 
r3 


+ - a 


b\? 
wo (w 
a 


b? + a? 


r 


} cos @ 
2 E — a? — (b? + a?) In ] 
a 


- 





sinh Az sin Pz 


- X22? 


a: 
sinh? z - 


@o e . 
z? sinh Az sin ®z , 
—— dz 


sinh? z — X%z? 


nD . . . 
z sinh z sinh Bz sin &z 


a - dz 
sinh? z — X*z? 








© sinh z cosh Bz sin ®z j : 
dz 


sinh? z — X22? 
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22h 2h2 2 
2Pa [os —# — In - + b? In : +a? In “| P [ sr- -§— — = “] 
a r 
Go = F4;(a,b,7,6,P) = —— = Say Aer Renee ie aamemmemmemeenenas Lend « 
2 [+ a? — (b? + a?) In "| 
a 





b 2 
(b® — a®)? — 4a%? (in *) 
a 


> ° ° 
sinh Az sin &z 
nT Fa 


sinh? 2 — X2z? 


2 ° . 
z? sinh Az sin Dz a 
— > z 
0 sinh? z — Xz? 


@ . 
zcosh Az sin &z 
sinh? z — X*z? 


a? 
*) : zsinh zsinh Bz sin dz de 
0 sinh? z — X%2? 
‘)( 1 + ) . 
a r? [ sinh 2 cosh Bz sin Bz ad: 
0 


« 


sinh? z X2z2 = 








a 


p | + ath? (b? + a?) 
r oo oes 


r3 r : 
Tor = Troi(a,b,r,6,P) = - ; sin @ 
2 [\* a? — (b? + a?*) In | 
a 


2 ° 
z sinh Az cos ®z 


sinh? z — X*z? 


— 1 oa 
) z? cosh Az cos bz d 
0 sinh? z — X22? 
a © sinh z sinh Bz cos ®z 
— —— dy 
ey I. sinh? z — X*z? 


ob ° 
z sinh z cosh Bz cos Pz 


sinh? z — X%z? ™ | 


az 








From the stress function given by Equation [28], the stresses of increasing magnitude. Furthermore, if the odd function 
for the problem of Fig. 1(b) are found to be of @ and the even function of @ in the expression for Cort ap- 
om proximately cancel each other for ® < —2, it follows that, for 

Fay = Fri(b,a,7,9,P1) --- [32] @>2, an approximate expression for 1 is 


Co = O41(b,a,7,0,P:). -. ose . [33] 
a*h? b r a 
Trou = Tror(6,4,7,0,P1).... ... [34] 4Pa | b? — a? — — In— + b? In - + a? In— 
r? a b _? 





earlier paper (2), it is possible to predict the results that will be 
obtained by evaluating the integrals in Equations [29] to [34] for 
absolute values of ® greater than about 2. By Saint Venant’s 
ds 


a 
Following a line of reasoning identical with that used in an — b\? 
e € (b? — a*)* — 4a%b? [ In — 


principle, the stresses at one or two beam depths to the right of 


a’h? 2 + q? 
the loads in Figs. 1(a) and (6) must be very small. Therefore, 


r3 r 


for absolute values of ® greater than about 2, the portion of the 
expression for og1 containing the integrals (an odd function of @) 
contributes about the same magnitude of stress as the remaining 
terms (an even function of @). This must be true if og1 is to ap- To learn much more about the stresses, it is necessary to 
proach zero as required, when ® varies through negative values evaluate the integrals in Equations [29] to [34]. 


considering Equation [30], for example, it is to be expected that + | 


b? — a? — (b? + a?) In- | 
a 
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EVALUATION OF STRESSES 

Two different methods have been used for the evaluation of the 
various integrals required in this paper. These methods, a series 
method for values of ® less than unity and the contour in- 
tegral method for ® greater than about 0.5 or 1.0, have been dis- 
Details of the ap- 
plication of both methods to the integrals occurring in the pres- 
Reference (5) contains 


cussed at length in previous papers (1, 2). 


ent paper are given in reference (4). 
tables of values of 


" 
] 
2r Jo 


while values of 


me 
l / 
9 

2r Jo 


z cos Pz dz 


sinh z + Nz 


cosh z sin Pz dz 


sinh z + Nz 
cosh Bz sin &z dz 


i 
“ sinh z + Xz { 


Ji f 
B->(1~) lor Jo 


sin Pz dz 


sinh z + Xz 


sinh Az dz 
sinh z + Xz 


! ” zeosh Az dz 
27 Jo sinhz + Xz 
are tabulated in Appendix | of reference (4). 

Using the tables of integrals just referred to, the numerical 
values of stresses for the problems of Figs. 1(a) and (b) may be 
obtained. The stresses for the problem of Fig. 1(a) will be con- 
sidered first. 

The circumferential normal stress on the inner boundary of 
Fig. 1(a), obtained by substituting r = a into Equation [30], is 


; , 2X(aX —1) 
( Cora = h * ( | r 
A deed 


+ aX? — 1) 
f 


2X(1 — a) 
1 + a? — 2aX 
f sin ®z dz 
-a@ 
0 -Xz 


cosh z sin Pz dz 


sinh z + Nz sinhz 


Pf 2aX(X — a) 
b—a Va + a)(X? 1) 1 + a? 2aX 


a) 2 . 
cosh z sin Pz dz 
+ @ — = 
0 0 sinh z Xz 


It can be shown that, when X approaches unity, i.e., when 
a — 1, the limiting forms of Equations [36] and [37] agree with 
the known results for the straight-beam problem (6) correspond- 
ing to Fig. l(a). The demonstration of such agreement depends 
in part on the fact that 

sinh z — Xz 


Lim f . 
X—(1*) Jo 
~T cosh zsin®z 6 F 
= Pr - az 
0 sinh z — z z? 


Values of (041), = for the problem of Fig. 1(a)are plotted in Fig. 
4 for four values of a, i.e., for four ratios of inner radius to outer 
radius of the curved bar. It may be seen that there is an infinite 


2aX(1 — a) 


(grr = cos @ 


tin De ds_ 
sinh z + Xz 


cosh z sin ®z dz 


[38] 
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discontinuity in the curves at ® = 0. This is to be expected be- 
cause, for the concentration loading of Fig. 1(a), an infinite com- 
pressive stress in the circumferential direction is to be anticipated 
immediately to the right of the load with an infinite tensile 
stress immediately to the left of the load. 

Values of (0 41),-s for four values of a, for the problem of Fig. 
I(a), are plotted in Fig. 5. 

Although the scales used in Figs. 4 and 5 do not permit this to be 
shown, the calculations for Figs. 4 and 5 (4) disclose that, for 
® = --1 or approximately one beam depth to the right of the load 
in Fig. I(a), the value of og: on either curved boundary has al- 
ready decreased to about 2 per cent of P/(b 
a between @ = 0.7 and a = 1.0. 
following Equation [34], the error due to applying Equation [35] 
to obtain og1 on either boundary at ® = 
about 2 per cent of P/(b — a). 

In each of Figs. 4 and 5 one of the cases considered is the case 
of a straight beam (@ = 1) which is included for the sake of com- 
parison with the cases of curved bars having a = 0.9, a = 0.8, 
and @ = 0.7. It should be noted that, for a straight beam, letting 
rsin din Figs. 1(a) and (b) 


a) for any value of 
According to the discussion 


+1 will also be only 


r= 


lim 
a>! 


“ lim rea) —— [39] 
al 1 se i 
In 
a 


For a curved bar, ® is approximately the distance in beam 
depths measured from @ = 0 along the circle r = +/ab. The 
curves in the inserts of Figs. 4 and 5 have been carried to com- 
paratively large values of ® and this helps in interpreting ® in 
For ex- 
ample, the point at which the curve for @ = 0.7 reaches its first 
extremal value (at ® = 8.808) in Fig. 4 corresponds to an angle 
¢ = 180 deg for a = 0.7. Similarly, ® = 14.079 corresponds to 


terms of an angle @ measured in degrees or radians. 


2X 


4 2 f cosh z sin @z dz 

cos —- — 

r m1 + a) 0 sinh z Xz 

+ @ f[ 
0 


On the outer boundary of Fig. 1(a) the circumferential stress is 


2aX ie 
+ _ -~ia 
mil + a) 0 
, f 
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[36] 


sin Pz dz } 
sinh z + Nz ])- 


_sin Pz dz 
sinh z — Xz 


cosh z sin &z lt _ 
sinh z + Xz f - [37] 
an angle @ = 180 deg for a = 0.8, and ® = 
to an angle @ = 180 deg for a = 0.9. 
So far, only the stresses along the curved boundaries of Fig. 
1(a) have been considered. 
the cross section ® = 0 are 


op fone) 09 


(1 + a) (X*— 1) 


29.818 corresponds 


For the same loading, the stresses at 


(Oreo = sci 
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1+ayl + a’? — 2aX) 
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[on eis 
_p Xi ati aA *S + B—2aX 


- (1 + a) (X?—1) 


3 
aX | (1 + a*) : + a’ : -3 
P r r3 b 


2aX) 


(Ce1)eo = b 


(1 + @a)(1 + a’ 


: zsinh Az i 
wil +a 0 sinh? z i 
aX b? ” 22 cosh Az 
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(1 a®) \r? 0 sinh*z X23 
ai ies 
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(1 — a’) r? 0 X*%z? 


Results calculated from Equations [40], [41], and [42] are 
shown, respectively, in Figs. 6, 7, and 8. The stresses are plotted 
against (r —- a)/(b — a) rather than A because A does not vary 
linearly with r but instead is related to r by one of Equations 
[23]. 

From Fig. 7 it may be seen that the curves of (0 g1)e0 
versus (r —- a)/(b — a) for a = 0.7 to a = 1.0 are rather close 
together. It should be noted that the scale for (o,1)geo in Fig. 6 
is much larger than the scale for (¢g1)g-o in Fig. 7. Taking this 
into account, the stresses in Fig. 6 are small compared to those in 
Fig. 7 and it may be concluded that the stress condition very near 
to the load in Fig. 1(a) is not a great deal different from that for a 


2aX? 


sinh z sinh Bz 


[42] 
sinh? z 


straight beam. 
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The curves of (T¢1)@-0 versus (r — a)/(b — a) in Fig. 8 are ex- 
actly the same as the corresponding curves would be fer a curved 
bar loaded as in Fig. 2(b) because there is zero shear stress on the 
plane ® = 0 due to the stress functions Wz and Ws corresponding 
to Figs. 3(a) and (6). 

Since the stresses have been discussed only for the cross section 
® = 0, it should be pointed out that the stresses at a cross sec- 
tion ® = 0.01, for example, are much different than the stresses 
at @ = 0. 

The stresses for the problem of Fig. 1(b) are calculated in a 
manner similar to that used for the problem of Fig. 1(a). Figs. 9, 
10, 11, 12, and 13 show, respectively, the values of (og11)<, 
(Ogtt rad, (Frit no, (Tgr1 ao, and (7,g11)@-o again for four values 
of a. 

The graphs of the stresses given in Figs. 4 to 13 appear to be 
adequate to show the significant features of the stress distribu- 
tions considered and these graphs probably can be read with suf- 
ficient accuracy to permit their use in any machine design problem 
where correction of stress calculations obtained by approximate 
formulas commonly used for curved bars appears to be justified. 
However, if for any reason greater accuracy is desired, tabulated 
values of the stresses from which the graphs were prepared are 
available in reference (4). 
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CONCLUSIONS 

The Fourier integral method can be applied to the plane-stress 
problem of a curved bar loaded by tangential loads on the circular 
boundaries. By superposition of the solutions presented in this 
paper and the solutions for a flat curved bar with radial boundary 
loads (1, 2), the stresses for any concentrated boundary load or 
any combination of concentrated boundary loads may be ob- 
tained. Problems involving distributed shear loads on the circu- 
lar boundaries of a curved flat bar also may be treated by the 
procedure used in this paper. 
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Solutions of idealized problems of the type considered in this 
paper probably have their greatest value in furnishing a means of 
checking the adequacy of approximate formulas or in providing 
correction factors to be applied to approximate formulas. Com- 
parisons with approximate formulas have not been attempted in 
this paper because it would only be practical to select an example 
or two from numerous possibilities. Moreover, the demonstra- 
tion that the formulas derived in this paper reduce approximately 
to previously known simpler formulas at all cross sections more 
than one or two beam depths from the loads accomplishes in part 
the same purpose that would be served by a comparison with ap- 
proximate formulas. 
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On the Equations of Motion of 
Cylindrical Shells 


By P. M. NAGHDI? ano J. G. BERRY, ANN ARBOR, MICH. 


From the basic equations of thin cylindrical shells con- 
sistent with Love’s first approximation, three uncoupled 
displacement equations of motion are deduced, the effect 
of rotary inertia being neglected. Comparison is made 
with the works of other authors who have used a variety 
of approximations in arriving at the equations of motion 
of cylindrical shells. Thus, in a qualitative manner, fur- 


ther insight is gained as to the effectiveness and practical- 
ity of these approximations in the solutions of problems 


of cylindrical shells. 


INTRODUCTION 


HE formulation of the classical theory of thin elastic shells 
and, in particular, cylindrical shells, has received repeated 
attention in literature.‘ The basic assumptions used in 
the classical theory consistent with the conventional assumptions 
for displacements® are: (a) the thickness h of the shell is small 
compared with the least radius of curvature R of the middle 
surface; (b) the strains and displacements are sufficiently small 
so that quantities of the second and higher orders may be neg- 
lected in the components of strain; (c) the component of stress 
normal to the middle surface is small compared with other com- 
ponents of normal stress and may be neglected in the stress-strain 
relations; and (d) the normals to the undeformed middle sur- 
face remain normal to the deformed middle surface and suffer 
no extension. The last two assumptions imply neglect of the 
transverse normal stress and shear deformation, respectively. 

The classical theory of shells in the sense of Love’s first ap- 
proximation (2) is based on the four assumptions mentioned, 
with a further stipulation that the ratio z/R, Fig. 1, is neglected 
in comparison with unity in the expressions of both stress-result- 
ants and strain-displacement relations.® 


1 The subject matter of this paper was sponsored by the U. S. 
Naval Ordnance Test Station, Inyokern, China Lake, Calif., and 
supported by the U. 8. Navy Bureau of Ordnance, task assignment 
NOTS-Refia-268-11-52. 

2? Associate Professor of Engineering 
Michigan. Assoc. Mem. ASME. 

3 Instructor in Engineering Mechanics, University of Michigan. 
Assoc. Mem. ASME. 

‘ The complete bibliography of the subject is beyond the scope of 
this paper. For an exposition of the general theory of shells, see ref- 
erence (1). Numbers in parentheses refer to the Bibliography at 
the end of the paper. 

5 These are U, V, and W along the z, s, and z-directions, respec- 
tively (see Fig. 1); U'(z, s, + zu’(z, 8), V(z, 8,2) = 
v(z, 8) + 2v’(z, 8), Wz, s,z) = w(z, 8) where u’ = —dw/dz and v’ = 

(Ow/0s + v/R) are consequences of the assumption (d). 

® See Equations [4] and [6] of this paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 29-December 4, 
1953, of THe AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 12, 1954, for publication at a later date. Discussion 
received after the closing «late will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Scciety. Manuscript received by ASME Applied Mechanics 
Division April 2,1953. Paper No. 53—A-34, 


Mechanics, University of 


z) = u(z, 8) 


A number of writers have modified Love’s first approximation 
by retaining terms involving (z/R)? in the stress resultants and 
the strain displacement relations,? while others have partially 


F.c. 1 Co-Orpinate System ror a Circutar CyLinpricat SHELL 
or completely abandoned assumptions (c) and (d) thus account- 
ing wholly or in part for the effect of transverse normal stress 
and shear deformation.’ 

In the present paper a set of uncoupled displacement equa- 
tions of motion is obtained for circular eylindrieal shells which 
is consistent with Love’s first approximation, the effect of rotary 
inertia being neglected. Comparison is then made between thi 
resulting characteristic equation and the works of other authors 
who have employed a variety of approximations in arriving at 
the coupled equations of motion. 


Tue Co-OrpINATE SysTeM 


The co-ordinate system for a circular cylindrical shell is shown 
in Fig. 1; the z-axis is directed along the generator of the cylinder, 
s is measured clockwise in the circumferential direction, and the 
z-axis is directed inward along the positive normal to the middle 
surface of the shell. The co-ordinate curves z and s, as lines of 
curvature, specify position of a point on the middle surface and 
the square of a linear element for the triply orthogonal co-ordinate 
system (z, s, z) may be shown to be 


(ds)? = dx? + — } ds? + dz? 


a 


where a is the radius of the circular eylinder. 


Baste Equations oF Tun CrircULAR CYLINDRICAL SHELLS 

In order to make our discussion self-contained, we record 
here the basic equations for circular cylindrical shells in aceord- 
ance with the classical theory where the effects of transverse 
shear deformation and normal From 


these, there will be deduced the basie equations commonly known 


stress are neglected, 


as Love’s first approximation, 
The stress-resultant and the stress-couple differential equa- 


tions of equilibrium, which may be obtained from Fig. 2, are 


7 References (6) and (7). 

8 References (1), (3), (10), (11), and (12). Reference (1) contains 
a consistent theory of shells where the effects of both transverse nor- 
mal stress and shear deformation have been accounted for; also see 
reference (3). 
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Fic. 2) AN ELEMENT OF CYLINDRICAL SHELL SHOWING STRESS RESULTANTS AND STRESS COUPLES 


, : ON: ri Sf 
N° Ni + dz, N,° N, + -- ds, AND 8O ON 
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where p,, p,, p, do not involve the displacements «, », and w and 
p denotes the density. 

It may be mentioned that the last equilibrium equation in 
I:quations [3] is merely an identity, and that in the first two 
of Equations [3] the effect of rotary inertia has been neglected 

The pertinent strain-displacement relations are 


Ow 
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where the stress resultants and couples are defined by 


+h 7-ip,/2 
“as, \,= / dz 
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) 1 / One dz 
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/ _ edz where £ is Young’s modulus and vis Poisson's ratio 

. h The basic equations of the theory of thin shells in the sense of 
Love’s first approximation may now be deduced if the ratio 
z/a is neglected in comparison with unity in Equations [1] [4], 


and Pz, Ps» Pe represent the effective external as well as body and [6]. Thus, this approximation affects the stress resultants 


forces per unit area of the middle surface of the shell. These 


and stress couples, as well as the components of strain given by 
may be written as 


Equations [6]. 


If we write the tomponents of strain in the form 


é6=e, +2, & =¢e,+20,, €, = 1 of ig] 


q 
* CU gs i 


then from Equations [6] the membrane strains or components of 
strain at the middle surface (z = 0) are 


Ou 
or’ 


& = é 
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and the expressions for the change of curvatures are given by® 


O71 
ds?’ 
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Introducing Relations [7] into the stress resultants, Equations 
4a! and the stress couples, Equations [4c], with the appropriate 
neglect of z/a-terms, performing the required integration, and 
making use of Relations [8], there results the following stress- 


strain relations 


D(d, + vd,) 
= D(d, + vd,) 
Dil —») 


9 


- 


t 


zs 
where 
D Eh’ 
~ 12(1 — v) 
By Equations [8], [7], and [11], the pertinent components 
of the stress tensor are given by 


12z 


o,=—+ M, | 
o, 


o. =~ M | 
ae } h3 ze } 

It should be noted that Q, and Q, cannot be obtained from 
Expressions [46] since, by virtue of assumption (d), ¢,, and 
o,, have been neglected. However, if Equations [10] are sub- 
stituted into the first two of Equations [3], the expressions for 
Q, and Q, will result. 

The five independent differential equations of equilibrium, 
namely, Equations [2] and the first two of Equations [3], remain 


(1 + k) Vu 


‘T 
v 
a 


o%w 


(1 v) 


Eh 


*It appears that there is no uniformity in litegature for the ex- 
pression of twist J... Love (2), Timoshenko (4), and others write 
9 _ Qyp 
ft 2 a4 for the twist when conformed to our notation, 

a ox Ozro8 
while 3,, of this paper is in accord with that of reference (1). In 
the spirit of Love's first approximation. if ‘‘the neglect of z/a in vom- 
parison with unity” is introduced in both Equations [6] and [4] be- 
fore deriving Equations [11], then #,, is given by Equation [10]. 


or’ ” 
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unaltered in the present approximation. However, it is noted 
that in view of the last of Equations [lla], the identity N,, 
Nz = — M,,/a of the last of moment equilibrium, Equations [3], 
is not satisfied. This discrepancy is due to the approximation 
introduced and it is difficult to see how this can affect the solution 
of a specific problem appreciably. 

Equations [9], [10], [11], [2], and the first two of Equations 
[3] constitute 17 equations in the 17 unknowns M,, M,, M,,; 
Ny, Na Nees Qe» Qos Cn» Cer Exes Ge, B,, Vee; and u, v, and w. 
These equations describe completely the state of stress and de- 
formation of a thin circular cylindrical shell, within the scope of 
Love’s first approximation. 

Repuction TO THREE PARTIAL DirrERENTIAL EQuATIONS 

We now reduce the 17 equations of the preceding section to 
three displacement equations of motion as follows: Eliminate 
(), and Q, from Equations [2] by Equations [3], and using Rela- 
tions [11], [9], and [10], we arrive at three coupled independent 
equations involving u, v, and w!® 
v) Ou 4 (l+yv) o%v v Ow 

Os? 2 Oxr0s a or 

v?) 


-p, = 0 


Oru (1 

+ 
or? 

(1 

J Eh 

(1 + v) fu v) 0% O*v 

. + ——— (i k l k 

2 Ordos 2 +) Ox? oe ) 52 

ow (1 yp?) 


+k 
a ee > 


Be. a + ka = + + - ka? - 

O0xr70s Os =a Os 
Ow Ow w al 
— ka? — : 
Oxr?0s? os* a? 

h? 
12a 

We shall now uncouple Equations [13] and obtain three equa- 
tions, one involving u and w, and one v and w, and a single dif- 
ferential equation involving w alone. This may be carried out as 
follows: 

1 Apply the operators 07/dz? and 0?/0ds? to Equation [13a] 
independently of one another, and in each case solve for terms 
containing v. 

2 Apply the operator 07/(d0zrds) to Equation [13b] and using 
the results of the previous step after some combination, the re- 
sulting equation becomes 


p, = 9 


Ow 
ox* 
— y?) 
Eh 


a Ox 


Pp, = 0 [13c] 


- 2ka? 


where k = 


(+ vt, tu 
2(1—v) Ox%0s? a 


Qv dw (1 + v) | Fw 
—_ —_ ~~ ka | —— + 
(1 — v) Oxds? a v) dxr*0s? 


¥ dno 
ox? 


1 dw 
a drds* 


fw 
ozrds* 


+ a*, dtp, ] (1 + v2 dtp, 
+ ‘Dae m|2ea—» | ; I 
8 


ox? Eh 0x0ds 

However, if this approximation is introduced following the substitu- 
tion of [6] into Equations [4], then 3,, would have the form given by 
Love and Timoshenko; in this connection, see reference (5). 


10 Tt, appears reasonable to neglect k = h*/12a? in comparison with 
unity in Equations [13], but to do so at the present will resul’ in the 
loss of a number of terms in the uncoupled equations of motion, 
Equations [15]. 
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where 
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In an analogous manner and application of the same operators 


as before to Equations [136] and [13a], we arrive at 
a - v)? k or (2 
2(1 v) * Or2ds? Or?0s a Os? 


F | 2 Ow (3 v) Ow 4 Ow 
+ ka : wal E in 
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Eh Oz? Os? Eh ods 
[14b] 


Similarly, by operating on Equation [l4a] with 0/dz and on 
Equation [146] with 0/0s and combining these results with that 
obtained from the application of VY‘ to Equation [13c], there 
follows 
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If we now introduce Equations [5] into Equations [14], we 
observe that the latter are not as yet uncoupled. The terms 
containing v and u in Equations [14a] and [14], respectively, 
may be eliminated as follows: 


1 Operate on both Equations [13a] and [136] with 


p o 
E of 


2(1 + v) 


9 


— 


Subtract the results in each case from Equations [14a] and 
[14b], respectively, to arrive at Equations [15a] and [15b). 


In Equation [14¢] the terms involving u and v are 
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ph l 
v) aD (1 + k) 
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dt? | dr20s 
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and the elimination of these from Equation [I4¢] is accomplished 


in the following manner: 


1 Apply the operator 


to Equation [14a]. 
») 


- 


Apply the operator 


to Equation [146]. 


oF w 
Or?0s* 
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3 
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Add the results of steps 1 and 2 


Apply the operator 


l 
- ‘ 
ka‘ v 
to Equation [13c] and subtract the result from that of step 3 
5 Subtract the result of step 4 from Equation [14 
Equation [15c]. 
The differential Equations [15] are the uncoupled equations of 
motion of circular cylindrical shells in the unknowns wu, », and w 
It is clear from the differential Equations [15] that the order 
of the primitive Equations [13] has been raised from an eighth- 
order to a sixteenth-order set of partial differential equations 
But, since the homogeneous differential equations in u and 
associated with Equations [l5a, 6] do not yield independent 
solutions, the result is mathematically consistent with the exist 
ence of four boundary conditions at each edge of the cylindrical 


shell. 


to obtain 


1! Since k = h*/(12a*) << 1, it now is reasonable to simplify these 
equations by replacing the quantities (1 + k) by unity. 
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Discussion AND ComMPaARISON WitH Works or OTrHerR AUTHORS 


In order to verify, at least partially, the results of Equations 
[15], let the displacements u, v, and w be of the form 
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Substitution of Equations [16] into the primitive differential 

Equations [13], in the absence of quantities denoted by p,, p,, 

and P,, yields three equations in the coefficients A,, B,, and C,. 

The characteristic equation obtained by setting the determinant 

of these coefficients equal to zero is identical with the chars.cter- 

istic equation which may be obtained directly from Equation 

[15e]. If, in the characteristic equation, the quantities (1 + k) 
are replaced by unity, then there results 
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The characteristic equation associated with the differential 
Equations [15] when the displacements are independent of time 
may be obtained from Equation [17] by putting the terms involv- 
ing p?equal tozero. Thus 


2(2 + mn vs 
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né+n‘]) = 0 


1 2 
rN 4n? \§ + [ k : + fin'* 


| ; 5 + 3v 
+ 4n® + 2(3 + v) n* 
+ [né 2 {18} 

Since the characteristic equation is relatively easy to obtain, 
it furnishes a convenient basis for comparison with the results 
(equations of motion) given by other authors. To be consistent, 
in the comparisons that follow, quantities of the type (1 + &) 
will be replaced by unity. Also, the displacements will be as- 
sumed to have the form of quations [16]. 

Fliigge (6) and Byrne (7) retain terms of the order (z/a)? as 
compared to one in the stress resultants [4] and strain-displace- 
ments relation [6], which results in the following characteristic 
equation when the displacements are independent of time.'* 
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Comparison of Equations [18] and [19] reveals that retaining 
terms of the order (z/a)? in Equations [4] and [6] may result only 
in asmall effect'* in the equations of motion. 


, Q.. 
If, in the second of Equations [2], the term ~* is neglected 
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as compared with the other terms, and at the same time, the ex- 
pressions for the change of curvatures are simplified to read 
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then the resulting characteristic equation associated with the 
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Although this type of approximation" leading to the character- 


12 See equation (78), reference (6), p. 125. 

13@ne should recall that replacing (1 + k) by unity does not 
nullify the effect of retaining the (z/a)* terms; compare equations 
(11), reference (6), p. 118, with Equations [13] of this paper. 

4 Yuan's equation (6a), reference (8), may be obtained directly 
with this approximation; his characteristic equation is identical with 
Equation [21] of this paper when p? = 0. 
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istic Equation [21] has been justly used in special cases (9), its 
validity, in general, is questionable. In fact, comparison of Equa- 
tions [17] and [21] indicates that the present approximation has 
left unaltered the terms involving time explicitly. It is the com- 
plicated form of these terms which gives rise to most of the prac- 
tical difficulty encountered in the solution of vibration problems 
of shells. 

In formulating a theory of shells, Viasov (10) at first partially 
abandons assumptions (c) and (d) and retains terms of the order 
(z/a)? as compared to one in the stress resultants and the strain- 
displacement relations. Later, by simplifying his work, the re- 
sulting equations of motion fall within the assumptions of the 
classical theory, and the characteristic equation for cylindrical 


shells becomes 
3 v 
Ae + [ 4n? + 2p + ; : | AS + ons 4 
y 


1 3(3 v) *) 
k (1 v) k 


9 
+ y*p* | At 4+ 4n® + (8 v)n* — 2n? 
G—s# 


a+ owe 4 2 4 St ®) 
tr vj 
y . k k 


4n? ) | \2 
l1—vp 


(4 + v)n? +1 + ve" ( 


+ *p* ( 


2n* + n‘* + v*( 


2 ( 2n‘* 
2n4 

k m) + vp i—* 

=) 


It appears that there are only minor differences between Equa- 
tions [17] and [22] and these are essentially in the terms involving 
p? in the coefficients of A* and the last bracket. 

Finally, we compare the characteristic Equation [17] with that 
of Kennard’s recent paper (11) which is based on the work of Ep- 
stein (12). 
following characteristic equation 


v | AS + én’ 4 
v 


iy 7" 2+ ‘ ( 3(3 
x -»” “m—» @ , 


2 8 — 8y 
+ ; y*p* | At + in® + 
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- Br) 
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Kennard’s simplified equations of motion" yield the 


3 
4+ | in? + , 


3(3 


2 2 K 
(2 + v) ( n®? + yp? : 


2(1 


v) ’ 


-v) (3 
2(1 vy)? 


3—p 4n? \ 1 
2y4 7 » 2 + 
bl da ( (i—»)k 1 ) 


4 See table 2 of reference (10). 
16 Equations [22] of reference (11). 
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(8 — ») (2 —») 
2(1 — »)* 


vt ( 4—yp 24 2+ 
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ye inge”6 8° 
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* @Q- te 


As in the previous case, the minor differences between Equa- 
tions [17] and [23] are in the terms involving p? in the coefficients 
of \? and the last bracket. It is noteworthy that there is a close 


agreement between Vlasov’s Equation [22] and Equation [23]. 


CONCLUSION 


We have not succeeded in arriving at definite conclusions con- 
cerning the relative merits of the different approximations used by 
various authors in the classical theory of shells. However, on 
the basis of comparisons made, at least for cylindrical shells, 
there appears to be little advantage in going beyond Love’s first 
approximation. Indeed, any true improvement of the theory) 
beyond Love’s first approximation should take into account the 
effect of shear deformation and transverse normal stress (1). 
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Free and Forced Vibrations of an Infinitely 
Long Cylindrical Shell in an Infinite 
Acoustic Medium’ 


By H. H. BLEICH? ann M. L. BARON,? NEW YORK, N. Y. 


The paper presents a general method for the treatment 
of free and forced-vibration problems of infinitely long 
thin cylindrical shells. Surprisingly simple results are 
obtained by utilizing the known and tabulated modes of 
the shell in vacuo as generalized co-ordinates describing 
the response of the shell. The frequencies of free vibra- 
tions of submerged shells are obtained, and the response 
of the shell and medium to sinusoidally distributed, 
periodic, radial forces is determined. The results indi- 
cate that there is a low-frequency range where no radia- 
tion occurs and a high-frequency range where energy is 
radiated. Free vibration, or resonance in the case of 
forced vibrations, occurs only in the low-frequency range. 
The results of the paper may be applied to obtain the re- 
sponse to arbitrarily distributed, periodic, or nonperiodic 
forces by expanding such forces in Fourier series and/or 
integrals. The results for free and forced vibrations are 
discussed in general and for the specific case of steel shells 
in water. Tables are provided to facilitate numerical 
computations. With limitations the method is also ap- 
plicable to ring-stiffened shells, and to the case of a static 
pressure in the surrounding medium. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


Fia. 1 


= cylindrical co-ordinates, Fig. 1 
» = longitudinal, tangential, and radial displace- 
ments of cylindrical shell, Fig. 1. Note that 
a positive displacement w is inward 
coefficients defining shape of modes in vacuo, 
Equation [1] 
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Mem. 


Guz Pre Oo = U, v, and w-components of displacement per- 
taining to generalized co-ordinate g,, Equa- 
tions [2] and [3]. 
k 1, 2, 3 = subscript 
a radius of cylinder 
C, coefficient 
c velocity of sound in medium 
dA element of surface area of shell 
F(r) r-dependent function in expression for potential 
H,, H, Hankel functions of first and second kind 
i= vy-1 
L = length of longitudinal half wave of mode of 
vibration 
generalized mass (co-ordinate q,) 
mass of shell per unit area 
virtual mass of entrained medium 
coefficients, see Equations [40], [46] 
number of circumferential waves of mode of 
vibration 


10t 


. 2 —e , 
cos n@ sin — e*™ = external radial force (posi- 


L 
tive if outward) 
pressure in medium 
radial pressure of medium on cylinder 
static pressure in medium 
generalized force (co-ordinate q,) 
generalized co-ordinate 
large value of the radius r 
time dependent function in expression for po- 
tential 
time 
w due to static force 
W,? . 
U, $V r we = coefficient 
see Equations [19], [37] 
coefficient, see Equations [26], [30], [38], and 
Tables 1 and 2 
mass density of medium 


. . we . , 
= S(t)F(r) cos n@ sin L™ potential function 


= frequency of free or forced vibration of shell 
surrounded by medium 
w, = frequency of shell in vacuo 


INTRODUCTION 


Problems of vibrations of infinitely long cylindrical shells in an 
acoustic medium have been considered by Junger (1, 2, 3). In 
the first two papers the assumption is made that the generators of 
the shell remain straight, leading to a plane problem. In the third 
paper the three-dimensional case is cons'dered, but the complex 
interaction problem of shell and fluid is avoided by assuming that 

4 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 


167 





168 JOURNAL OF APPLIED MECHANICS 


the shell has known displacements (functions of time and space), 
and then solving for the sound field. This treatment discloses the 
properties of the acoustic field but does not permit the determina- 
tion of the response of the shell to external forces without further 
analysis. To obtain this response of the shell it is necessary to 
solve the wave equation simultaneously with appropriate equa- 
tions describing the behavior of the shell. The purpose of the 
present paper is the solution of this general problem for the three- 
dimensional case. 

In so far as the shell is concerned the approach used differs 
basically from the one used by Junger for the plane interaction 
problem. The present paper utilizes the modes of vibration of the 
shell in vacuo as generalized co-ordinates, while reference (2) ex- 
presses the displacements of the shell in Fourier series. It is be- 
lieved that the mode approach is very much simpler than the al- 
ternative one, in part due to the fact that the modes in vacuo are 
already available in tabular form. The mode approach also is 
directly applicable to certain types of stiffened shells. 

The emphasis of the present paper lies in the structural response 
of the shell, and the acoustical phases are considered secondary. 
However, to understand the structural response it was necessary 
to go into certain acoustical details, like radiating and non- 
radiating frequency ranges. The paper considers first the free 
vibrations of a submerged shell and then the forced vibrations 
caused by radial forces. By way of illustration the analysis is 
applied to cases of steel shells in water. The results obtained can 
be utilized for the solution of any dynamie problem of cylindrical 


shells 
FREE VIBRATIONS 


The free and foreed vibrations of a submerged, infinitely long, 
thin cylindrical shell are studied in this paper by considering the 
shell without the fluid as a separate structure responding to the ay-- 
plied forces combined with the dynamic forces exerted by the 
surrounding infinite acoustic medium. Using the modes of free 
vibration of the shell in vacuo as generalized co-ordinates, its re- 
sponse can be expressed in terms of the infinite number of these 
modes, 

The frequencies and modes of vibrations of infinitely long thin 
cylindrical shells required for the purpose were determined in 
reference (4). The individual modes can be classified by the 
length L of the longitudinal half wave of the displacements and 
by the integral number n of circumferential waves. For each 
length L and number n there exist three frequencies w,(k = 1, 2, 
3). The displacements of the modes corresponding to all three 
frequencies are sinusoidal, but the ratios of longitudinal, cireum- 
Excluding 
the case n = 0, the displacements corresponding to the frequency 


ferential, and radial displacements, u, v, and w differ. 
w, may be written 


: WT: 
= [, cos nO cos 


4 


— _ = 
= V, sin n@ sin 


= Ww, cos n@ sin 


The modes defined in Equations [1] contain an arbitrary factor; 
only the ratios V,/U, and W,/U, can be determined and are 
contained in reference (4). It also might be mentioned that 
Eqnations [1] can be generalized by adding phase angles, which is 
equivalent to changing the origin of the co-ordinates 6 and z. 

The most general response of a cylindrical shell will be a com- 


bination of the modes for all values of L and n. However, in order 
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to find for a submerged shell the frequencies and modes of free 
vibration of selected values L and n, one need consider only the 
three modes of shape, Equations [1], having the same parameters 
Land n. This simplification is due to the fact that the wave 
equation for the surrounding medium has a solution containing 
the factor cos n@ sin mz/L, and the pressure belonging to such a 
solution does not excite modes of different values L or n. 
Selecting the coefficients W, in Equations [1] as generalized 
co-ordinates W, = q,, and using the abbreviations 


\ 


U;, 
Duk = Ww, 


wz | 
cos n@ cos | 
| 


| 


sin n@ sin 


k 
Por = W, L 


od, = cos n@ sin 


4 


| 
| 


the displacements u, v, and w can be expressed as functions of the 
three generalized co-ordinates q;, q2, qs 


u = Qnbur + Vou: + Kbus 
o= UPv,, tT q2Pv,2 + GPv,s 
w =(m + ge + qd [3e] 


[3a] 
[3b] 


The symbol ¢, in Equations [2] and [3] does not have a second 
subscript, as there is no difference in the w-displacements of the 
three co-ordinates q,. 

Owing to the inherent orthogonality between the displacements 
represented by the generalized co-ordinates, the equations of 
motion contain each only one of the co-ordinates q, 


MA, + Myoatqe = Qe (h 


where the generalized mass M, is 


M, = Sf, mM pun? + Pra? + Gy?) A 


In the case of free vibrations the generalized force Q, is due solely 
to the radial pressure p, of the medium on the cylinder at r = a 


= ff, routs 


Hence Equation [4] becomes 
f D d. 
. fv 5 ; 


mff, (dur? + ber? + bu2d A 


The integrals in Equations [5] to [7] are to be taken over the sur 
face of a section of the cylindrical shell of length L. 

The shell is assumed to be submerged in an acoustic medium, 
the velocity potential ® for which is governed by the equation 


G+ W,7q, = 


1 orb 


V2 -— 
c? ot? 


A solution of this equation suitable for the present problem is 


Wz 
® = S(t)F(r) cos nO sin F = S(t)F(r)d,.. 9) 


where S(t) and F(r) are functions at our disposal. At the surface 
of the shell (r = a), the radial velocity of the shell must equal 
that of the medium 


[10] 
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Substituting Equations [3c] and [9] one obtains 
(hi + q2 + G3)Pe = S(OF (ad, 


(gr + Gs + Gs) 


S(t) = - 
re F(a) 


dr 


dF (r | 
F(a) = = 
r=¢ 


The radial pressure exerted on the shell by the surrounding 
medium is the pressure at r = a 


ob] 
Po p at in 


or substituting Equation [11] 


~pS(t)F (a). 


F(a) 
Ps = 


p F’(a) Pu qi 


as Gz + qa) 


Equations [6] and [7] become 
(Gi + G2 + qs) ft ¢,"dA 
A 


pa, F(a) 
m F(a tt +) 


F(a) 


%=P F'(a 


Wz + O.*Q = 


where 


Sf, PurdA 


Ww? 
ay, = = 


: : r U2+V 24 a) 
Sf. (due? + Den? + Gy?)dA ? " 
>] 


The last equation is obtained by substituting Equations [2] 
Numerical values of U,, V,, and W, for various modes are given 
in the tables of reference (4). 

The function F(r) is obtained from Equation [8], which reads 


[16] 


in full 
1 Ob 
r? 0@? 


Ot 1 O° 


o*p 1 o® 
+ = 
oz? c? Of? 


or? =6r Or 


[Sa] 


Assuming periodic solutions for the generalized co-ordinates q, 
ge = Cy [17] 


Equations [9] and [11] give 


co Fr) 


Q el C, Ce Cet 
1 F(a) rsa) ( i+ + e 


m = 


Introducing the symbol 
7m 86h 
PrN e 
Equations [8a] and [18] lead to the differential equation 


2 
(e + ") F(r) =0.. 
r 


As boundary conditions we require that the velocity 


1 
F"(r) + - F(r) 
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medium at r = © vanishes in such a manner that the kinetic 
energy in the medium remains finite 


rit* F(r)jpn ao = 0 
where € > 0 is a small number. 
A solution of Equation [20] is 

F(r) = HH, (iBr). 


which satisfies Equation [21] provided the real part of 
positive. 
Computing 


F'(r) = ia] " HBr) + Ha »(iBr | 
iBr 


F(a) a 

F(a) H, (iBa) 
7 iBa vy 

H, (iBa) 


Equation [15] becomes 


pa : Z 
a, A(qi + 2 + ds) 


- sh 2 - 
dk Wade 2 
2m 


where 


-2 F(a) 2 
A = A(Ba) = = 
(Ba H,-™ (iBa) 
iBa 


a F(a) 
H, (iBa) 


Substituting Equations [17] into [25], three homogeneous equa- 
tions in the coefficients C, are obtained 


(w,? — 22)C, — a = MAC, + Cr+ Cs) =O (k = 1,2,3 
ell 


[971 
at) 


Nonvanishing solutions of these equations exist only if their de- 
terminant vanishes, which after evaluation leads to the frequency 
equation 


2m rem 
= [28] 

pata 
valid forn # 0. 

For the previously excluded case, n = 0, the cylindrical shell in 
vacuo has again three modes for each value L and n. One of these 
modes is, however, a purely torsional motion with displacement 
components u = w = 0. 
forces from the surrounding medium, and only the two nontor- 


This mode is not excited by the radial 

sional modes need be considered. Instead of Equation [25] one 

obtains forn = 0 

pa ‘ 
a, A(4, + ge) 29] 


» ! 
Uk — W749, = - o 
om 


en o 1H, (iBa) 
_ Ba H,™ (iBa) 


The frequency equation for n = 0 is 


ed) Qs 2m 


w.? — 2 ~ pa (31) 


w.? — 0? 


The solution of the frequency Equations [28] and [31] is 
further discussed in a later section. 
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Forcep Visrations Due To RapiaLt Forces 
Any arbitrarily distributed radial force P(t, 8, z) can be ex- 
panded in a Fourier integral (or series) of terms 


P(t, 0, z) = e™ cos nO sin = = et go . [32] 


L 

The following treatment will be restricted to the consideration 
of such individual terms, i.e., to force components P(t, 6, z) de- 
fined by Equation [32]. These forces P are counted positive if 
acting outward. Nonradial forces can be treated in a similar 
manner but will not be considered. 

Equations [4] and [5] apply again, but Equation [6] for the 
generalized force Q, must be replaced by 


a= f reat ff MBNA... 


Proceeding essentially in the same manner as before, using 
Equations [8] to [13] inclusive, and Equations [16] to [24] in- 
clusive, the equations of motion for n # 0 become 


[33] 


pa 


a : 
Ge +o = 7 a, A(qi + G2 + Gs) —— ec =(k = 1, 2,3) 
m m 


(34) 


There is just one detail in the derivation of this equation which 
requires elucidation. The solution Equation [22] 


F(r) = H,(iBr) 


does not satisfy the boundary Condition [21] for frequencies 
Q > me/L because the argument 


m Q? 
Bos L? nis c? 
becomes purely imaginary. The boundary Condition [21] is in 
this case replaced by the requirement that the potential function 
Equation [18] 


iQ ; 

b = ——— (C, + C2 + Cre Fir)gy..... [35] 
F'(a) 

represents an outgoing wave for large values of r. This condition 

is satisfied for 


F(r) = H,® (Br)... 00000000000 eee [36] 


[a m 1c 

= - 2 coeliac ree 37 
B Ve 1 (2 *) [37] 
and the positive sign of the square root applies. This leads to the 
value 

_2 Fle) 2 


aP(a)” | g, Hoi (Ba) 
H,® (Ba) 
valid for 2 2 wc/L, while for 2 < mce/L Equation [26] remains in 


force. 
Substitution of Equation [17] 


A = A(Ba) = _. [38] 


de = Cpe 
in the equations of motion, Equation [34), leads to three non- 
homogeneous linear equations for the coefficient C,. Their solu- 
tion is 
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N = 
w,? Q2 
Substituting the values C, from Equation [39] into the Expres- 
sion [18] for the potential function ® and noting Equations [26], 
[32], and [38] lead to 


iQaA 


2m | pa 1A- Oo 


2m N 


F(r) 


es F(a) 


P(t, 6, z) 


where the function F(r) is given by Equations [22] and [36], re- 
spectively 

| H,,(iBr) ifQ< 

| 


4 — 


if 2 > - 


| 
H,® (Br) 


A, B, and B are defined by Equations [19], [26], [37], and [38]. 
The pressure in the medium, p = —pd®/dt, becomes 


F(r) 


F(a) P(t, 8, 2). 


The pressure p, on the surface of the shell is 


P(t, 8, 2) 
om 
~~ paN& 

The knowledge of the coefficients C, permits also the deter- 
mination of the displacements of the shel]. Of particular in- 
terest are the radial displacements w obtained from Equation 
[3c] 


1 P(t, 8,2) _ 


2m N 


If one goes to the limit 2 — 0 this equation gives an expression 
for the deflection w,, under static loading P(@,z) = 


. a Ay as 
Ww, = lmw = —|— + — + — 
2-0 @i% Ww? = @;? 


while a similar process for the pressure leads to the obvious result 


limp =0 
2-3-0 


The expressiuns for the longitudinal and tangential displace- 
ments u and v due to the radial force P(t, 8, z) are somewhat more 
complicated 
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Wz 
cos n@ cos — e 
Now L 
(2. ae = 
mNQ? pa l 
Aa— — 
2m N 


. [45] 


wat 


. _ we 
sin n@ sin — e 
L 


"ow 


7 mNQ? pa 


N 


where 


Equations [40] to [46], were derived for the case n # 0, but 
with exception of Equation [426], they remain valid for n = 0 
if the terms referring to the nonexisting frequency w; are omitted 
when computing V, V,,, and N,, from Equations [40] to [46]. 

The degenerate solutions [426] forn = 0 and forn = 1 do not 
satisfy Equation [21] and the total kinetic energy in the medium 
is in these cases not finite. This «ndicates that steady-state vibra- 
tions for n = 0 or 1 in an actually infinite medium are not 
possible if 2 = mc/L. If one considers the infinite boundary of 
the medium as an approximation of a far boundary, r = R, the 


TABLE 1 VALUES OF Aif Qs we/L 


Q? 
c 


a 


e 
® 
a 
r 
- 
~ 
~ 


rO@ Qtor 
—owe 2 
on 3 
—— eet 8 


oso ssorr 


eceoso seseses ocooo- 


esoces 3oorrer 
—) 


234 


S2Noue WSNeKK Oo OCoCooo 


9 0.210 
10 i] 0.190 


i) 


0.201 
0.184 


A= 


Asymptotic expression valid for all values of n: 
28a + 1 


Norte: 


TABLE 2 


n=1 


000 
048-0.0382: 
8791 2.135-0 
479% 250-0. 5: 
1174 92-1 


820% 
5841 
1764 
9254 
7594 


G.216 
0.145 


d 0.103 6424 
4 0.060 4891 
5 0.039-0 39414 
10 0.010-0.1997% 


SSSS SCORee 


Note 


Asymptotic expression valid for all values of n 


solution [426] for n = 1 may be considered an approximation of 
physical meaning because the energy is then finite and the 
velocities at the boundary are small, as1/R. A similar reasoning 
does not apply for n = 0, because the longitudinal velocity 
o/0z is not small for large values of r; the physical impossibility 
of this solution expresses itself in the fact that A = ©. To ob- 
tain a physical meaningful solution for n = 0 it is necessary to 
consider the actual conditions at the distant boundary. 

To facilitate numerical computations, Tables 1 and 2 list the 
values of A occurring in Equations [41] to [46] for n = 0 to 4, in- 
clusive.§ 


DIscussION OF FREQUENCY EQUATION 
The discussion can be restricted to the frequency equation 


a a , a; 2m ; 

meme ie +: + - « [28] 
w,? — 22 w? —Q? = w?—? paltA 
as the case n = 0, Equation [31] may be obtained by substituting 
@, = 0. This equation is transcendental, the parameter A being 
a transcendental function of the frequency Q. 

Number of Real Roots of Frequency Equation, The parameter A 

is actually a function of 


/ 

lor? 
aB =a vi [47] 
and examination shows that the values of A are real if af is real, 
but that A becomes complex if 2 > wc/L, so that af is imaginary. 
This leads to the question how many real roots 2 Equation [28] 
will furnish. The coefficients a, and the frequencies w, on the 
left-hand side of Equation [28] being real, the entire left-hand 
side will arways be real. As (2m)/(pa) is also real, Equation [28] 
can have no real solution for 2 when af is imaginary, that is, any 
real root {2 must be below the limit Q < ae/L. 

Further information on the number of real roots can be ob- 
tained by considering Equation [28] graphically. For n # 0, 
Fig. 2 shows in solid lines a typical plot of the values of the left- 
hand side of Equation [28] as function of 2. Starting with a 
positive value for 2 = 0, the plot shows vertical asymptotes for 
each of the values 2 = w), we, and w;. The right-hand side of 
Equation [28] is plotted in dashed lines, the intersections indicat- 
ing roots of the frequency equation. As the right-hand side has 
real values only for 0 < Q < mc/L the curve ends at point EZ. 
The plot indicates that there are at least as many real roots 2 as 
there are frequencies w, of the system in vacuo which lie below 


’ Values of A for n S 20 can be obtained from reference (1) but 
only if 2 > wrc/L. The acoustic reactance and resistance ratios xn 
and @, shown in figs. 1 and 2 of reference (1) can be used to compute 
1/, aBA = xn(ap) — i6,(aB). For a limited number of ratios L /a, 
reference (3) contains curves giving the values of A as function of 
aQl/c. 


VALUES OF Aif & 2 xe/L 


n=3 
667 
667-0 .000 i 
669-0 .000 
676-0 .0000 i 
688-0 .0002 ¢ 


0 O82 4 708-0. 00144 
0.199% 0.738-0.0051¢ 
0.7534 0. 858-0.0547¢ 
1.02514 1 

0.913% 0.918-0.6554 


3-0. 0004 
0.00038 ¢ 
5-0 005% 
-0. 02614 


0001 
000 ¢ 
0004 
000% 


000 4 
0008 5 
00181 
0164 
O86 4 


20214 
465-0 6841 
161-0.550% 
014-0.217% 


0.759% 0.570-0.812 ; 
5-O 5464 0.184-0.6324 
0.4254 0 O81-0.4714 
0.203 4 0. 012-0.2094 


4 


— = 1 + 2108 
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Fie. 2 ILiusTRaTION oF FREQUENCY EQUATION FoR n # O 





Fic. 3 ILiustrRation oF FREQUENCY EQUATION FOR n = 
mc/L, and at the most one more. This latter case can occur if 
there is a further frequency w, just larger than me/L, so that the 
end point falls in a position like E’ in Fig. 2. If in particular all 
frequencies w, are larger than awc/L, there may be no real fre- 
quency atall. The case of no real root will occur only for mediums 
having very low density p. 

For n = 0 somewhat similar conditions prevail, Fig. 3. In this 
case the end point E lies, however, on the Q-axis, which results in 
the occurrence of one real root in all cases, even if @, > mwe/L. 
An example of such a case is a steel shell in water vibrating with a 
half-wave length L > a. 

It is also apparent from Figs. 2 and 3 that the lowest root Q, of 
the frequency equation must be smaller than the frequency w,, 
while the next root Qs, if any, must lie between w; and a», and the 
highest root must be between ws and w;. No root can lie above 
the highest frequency ws; in vacuo. 

Attention is drawn to the fact that due to the orthogonality of 
the modes q, of the shell in vacuo 

a + & +a; = 1. [48] 

As a rule, one, and for many configurations, two values a, are 
quite small, indicating that the radial displacements of such 
modes are small. In such cases the coupling of the motion of the 
shell and the surrounding medium is slight, and the frequencies 
Q of such modes will be very close to the frqeuencies w in vacuo. 

To simplify the numerical determination of the roots of the fre- 
quency equation, Table 1, giving values of A for real arguments 
aB, has been provided. After a frequency 2 has been obtained 
the shape of the mode can be determined by computing the co- 
efficient C, from Equation [27]. 

Effect of Compressibility. It is of considerable interest to con- 
sider the effect of the compressib‘lity in order to determine when 
it might ve neglected. The compressibility appears in the 
derivation of Equation [8] where the velocity of sound ¢ occurs, 
and the solution for an incompressible fluid may be obtained by 


usinge = ©. This does not change the frequency Equation [28], 
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but the argument af used in determining the term A in this 
equation is in this case 
on 149) 
aB L" (49) 
instead of the value given in Equation [47] which depended on the 
frequency 22. Comparing Equations [47] and [49], it is apparent 
that the compressibility may be neglected only if Q/c<< w/L. 

If the compressibility is neglected the number of real roots Q is 
always equal to the number of frequencies w,. It is obvious that 
roots higher than wc/Z found for the incompressible case are un- 
real. 

Complex Roots of Frequency Equation. The fact that the num- 
ber of real roots Q of the frequency equation may be smaller than 
the number of frequencies w, in vacuo raises the question of the 
existence of complex roots in lieu of the missing real roots, and of 
the physical meaning of complex roots, if any. In order to have 
physical meaning the solution corresponding to a complex root Q 
must represent an outgoing wave and must also decay with time. 

In order to recognize the wave character of the solution it is 
convenient to use the potential function in the form Equation 
[36], employed previously for Q > mwe/L 


© = Ce@H, (Br)d,.. [50] 
To avoid incoming waves the real part of B must not be negative. 
Based on this expression one obtains a “‘wave-frequency equa- 
tion,”’ which is identical with Equations [28] or [31], except that 
the value A is a function of aB and must be computed from 
Equation [38] instead of Equation [26]. It is to be noted that 
the argument af in Equation [38] will now be complex. A study 
of the potential Function [50] indicates that for complex roots Q 
for which the time-dependent term e™ is damped, the term 
H,,) (Br) becomes © atr— ©, Such roots and the correspond- 
ing solutions appear at first to have no physical significance. It 
should be pointed out, however, that these complex roots and the 
corresponding solutions occur and have significance as “asymp- 
totic solutions” in transient problems. In such cases the validity 
of the asymptotic solution is limited to finite values of r and the 
fact that H, (Br) does become infinite at r— © is immaterial. 
For example, a heavy shell in a light medium, like air, is capable of 
slightly damped vibrations. The frequency equation in such a 
case has complex roots 2 the real parts of which are close to the 
frequencies w, in vacuo, while the imaginary parts are quite 
small. Expression [50] is then the approximation of a possible 
motion, valid in the range ¢ > 7’ and r < R, where 7 must be 
selected so large that the transient effects of the initiation of the 
motion have passed outside the cylinder having the arbitrarily 
selected radius R. 

The numerical values of complex frequencies 2 can be deter- 
mined easily approximately if, either the imaginary part of Q is 
small, or if IQ! is large. If the imaginary part of Q is small the 
value of A(aB) computed for the adjoining real part of Q, found 
in Table 2, may be used. This procedure would be applicable for 
the foregoing case of a heavy shell in a light medium. If the 
absolute value of the frequency |! is large such that the argu- 
ment laB| > 1, the term A(aB) may be determined by using 
asymptotic expressions for the Hankel functions 
[51] 


A(aB) = 


4 - 
1 + 2iaB ” 


Frequently it is permissible to neglect even the real part of the 
denominator in this equation, giving 
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These approximations apply for all values of n but give better re- 
sults for small values of n. A measure of the degree of approxima- 
tion can be obtained by comparing the results of Equations [51] 
and [52] with the values for real arguments ap in Table 2. 

Virtual Mass. For n # 0 it is possible to simplify the fre- 
quency equation by neglecting the two higher modes, thus ob- 
taining an approximate equation for the lowest frequency. This 
equation can then be interpreted in a simple manner using the 
concept of the “virtual mass”’ of the entrained medium. 

The numerical values of w, and the values U,, Vi, and W, to 
compute a, required in Equation [28] are given in reference (4). 
These values indicate that wi hin the range 1 © L/a < 10 the 
first term of Equation [28], a,/(@,;? — 22), is very much larger 
than the other two if Q < @,; for L/a values near 1 this is so be- 
cause @ and @; are small, for larger L/a values because w,? and 
w;? are very much larger than w,*. Neglecting the terms with a 
and ay, leads after rearrangement to 


apa — 
(22 ( + me A} = - ears re ti 
2m 


This indicates that the lowest frequency Q of the submerged shell 
is equal to the frequency of a shell in vacuo whose mass has been 
increased by the virtual mass m, of a portion of the medium 
vibrating with it 


[54] 


A is a function of the frequency given by Equations [19] and [26], 
but if w, < me/L the effect of the frequency is negligible and 
Equation [49] for the incompressible case may be used instead 
of Equation [19]. m, 
Table 1. 


The same approach can be used also for n = 0 but gives good 


may be computed quickly by the use of 


results only if L/a < 2. For longer shells the second term in 
Equation [31] remains large and cannot be neglected, thus making 
the simple virtual mass concept inapplicable. 

Steel Shells Submerged in Water. When applying the frequency 
equations to thin steel shells (say, a/t > 30) submerged in an in- 
finite body of water, it 1s found that for ratios 1 < L/a 10 and 
n > 1, one and only one frequency in vacuo is lower than me/L, 
while for n = 0, all frequencies w, are above this limit.* It 
follows that forn = 0 one and only one real root Qexists; forn > 0 
there is at least one root and, according to the previous discussion, 
the possibility of a second one. A second root Q can only occur, 
see EF’ in Fig. 3, if the second frequency we is close to me/L. 
Reference (4 L/a = 10 the second 
frequency @: is much larger than the limit we/L, and there will 
This 


frequency can be determined from the simplified Equation [53), 


shows that in the range 1 
therefore be just “one real frequency”’ for each value of n.7 


except ifn = O and L/a > 2. 

Similar conditions prevail for ratios L/a > 10, except for n 2 2, 
where for extremely large ratios, due to the effect of the bending 
stiffness of the shell, all the frequencies in vacuo may lie above 
ac/L, resulting in no real roots. In the limiting case L = © 
only complex roots occur for any value of n. This case has been 
discussed independently in reference (5). 

If L/a < 1 the foregoing result is expected to remain valid, un- 
less the length of the half wave is so short, comparable to the 
thickness ¢, that all frequencies in vacuo lie above me/L. 

Complex roots of the frequeney equation representing waves 


® The frequencies in vacuo for 1 S L/a © 10 can be obtained from 
reference 1. 


? This count excludes the frequency of the purely torsional mode of * 


the shell for n = 0. This mode was excluded when deriving Equation 
[31] as it is not coupled with the surrounding medium. 
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exist and can be determined approximately by using the asymp- 
totic values for A(aB), Equation [52]. However, the solutions 
corresponding to the complex roots lack physical meaning, except 
as asymptotic solutions of transient problems discussed in the 
previous section. In the case of a steel shell in water where 
1 < L/a © 10, the asymptotic solution is a combination of the free 
vibration, corresponding to the real frequency Q, and of damped 
wave motions corresponding to the complex roots 2. If the mo- 
tion is such that the undamped motion is at all excited, the 
asymptotic solution converges rapidly toward the undamped 
vibration of real frequency {2, and the damped motions due to 
complex frequencies wil! give only unimportant contributions, 


Discussi0ON OF RESULTS FOR FoRCED VIBRATIONS 


Response of Shell and Medium. The most significant feature 
of the results of Forced Vibrations Due to Radial 
Forces, is the fact that the response is entirely different for fre- 


section 
’ 
quencies Q of the applied force above and below the limit 2 = 
me/L. ], apply in 
the two ranges, resulting in different physical behavior. 

If Q < we/L the ratios H,'” (iBr)/H,™ (iBa) and as a conse- 
quence the values of the coefficient A(aB), are real. Equations 
[43] to [45] indicate that in this case the pressure p and the dis- 
placements are in phase with the applied force P. There is no in- 
It is of in- 


Different expressions, see Equations [42 a-<« 


put of energy by the applied force and no radiation. 
terest that the pressure p decreases very rapidly with increasing 
radius because H,“ (iBr) decreases like e~®"/+/r. As expected, 
the expressions for the pressure and displacements contain a de- 
nominator which vanishes if 2 becomes equal to one of the 
roots of the frequency equation for free vibrations, indicating 
resonance, 

If the frequency Q is sufficiently smaller than mc/L the effect of 
the compressibility becomes unimportant and the approximate 
Equation [49] for aB may be used. 
one can neglect the modes qe and qs. 


For low frequencies, 2 > w,, 

The resulting equation can 
be interpreted by means of the virtual mass defined by Equation 
[54], indicating that the response is identical with that of a shell 
of increased mass (m + m,) in vacuo. 

If 22 > we/L conditions are quite different. The ratio H, 
(Br) H,® (Ba ) is complex and the coefficient Af aB also is com- 
plex. As a result, the pressure p and the displacements are not 
in phase with the applied force, the phase angle being such that 
the applied force supplies energy which is radiated. There are no 
real roots of the frequency equation above mc/L, and resonance 
does not occur in this range. 

The range Q2 > me/L can be further subdivided in two distinct 
Table 2 indicates that for small values of aB the 
imaginary part of Ais very much smaller than the real one, while 
for large values of aB the opposite is true. 


rangesifn ~ 0. 


The dividing line is 
? 2 it 
above aB = n/2. This indicates that, particularly if n 2 2, there 
is an extensive range of frequencies Q > me/L where radiation and 
damping are quite small. The decay of the pressure p as function 
If the radiation is large 
If the 
radiation is small, the pressure decays much faster, nearly as fast 


For n lies 


quite sharp but depends on the value of n. 


of r is also different in the two ranges. 
, ; 
the pressure decays very slowly, approximately as 1/+/r. 


as in the nonradiating case (although for very large values of r the 
decay becomes again 1/+/r). 

Considering the response as function of the forcing frequency 
Q, a number of significant frequencies, in addition to frequencies 
of free vibrations, can be found by considering the denominators 
of Equations [43] to [45]. If the frequency Q is equal to one of 
the frequencies w, in vacuo, N = ©, and Equation [44] gives 
Pa = P(t, 6,2); the pressure in the medium is in this case equal to 
This is 


physically understandable, because at such a frequency the shell 


the applied pressure, as if the shell were nonexistent. 
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(w = frequencies in vacuo.) 


vibrates without requiring any outside force, and the entire ap- 
plied force is transmitted to the medium. 

Other significant values of the frequency Q are those for which 
the term N vanishes. Consideration of Equations [40] and [46] 
shows that this occurs, in addition to the trivial value Q = 0, 
once between successive values of the frequencies w, in vacuo. 
If N = 0, both p and w vanish everywhere, indicating that there 
is no response at all of the fluid at such frequencies. This rather 
startling result is due to the fact that for these frequencies the 
three modes (or two modes if n = 0) interact in the manner of a 
vibration damper. If the longitudinal and radial displacements 
u and v are determined it is seer that they do not vanish; only w 
and p are zero. The frequencies at which this phenomenon 
occurs are necessarily the same as for the shell in vacuo. 

At the end of the section mentioned, it has been pointed out 
that, and for what reason, the solution for n = 0 loses its meaning 
forQ =mc/L. The formulas for the response for frequencies very 
close to Q = mc/L also must be used with caution, because they 


might be affected by the conditions at the distant boundaries of 
the medium. 

Steel Shells in Water. Considering cases in the range 1 < 
L/a < 10, there is for n 2 1, one frequency in vacuo, a, below 
ac/L, while the other two, we, w;, are much higher. The frequency 
equation of the submerged shell has one real root, Q; < a), and 
two complex ones near @: and w. 

Figs. 4 and 5 show the amplitudes of the radial response w and 
the maximum pressure p, at the surface of the shell in nondimen- 
sional manner for a typical case, n = 2, L/a = 4, pa/m = 4. 
(The ratio pa/m = 4 indicates that the mass of the water dis- 
placed by the shell is 2.6 times the mass of the shell.) Fig. 4 
shows in solid lines the amplification, i.e. the ratio |w/wetatie| of the 
amplitude of the displacement w to the static deflection of the shell 
as function of the ratio QL/me. Attention is drawn to the 
fact \hat the right half of the diagram is enlarged and shows 
100|w/twestaric|. The same figure shows for comparison in 
dashed lines the response of the shell in vacuo. Fig. 5 shows the 
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(w = frequencies in vacuo.) 


ratio of the peak values of the surface pressure p, to the peak 
value P of the applied pressure P(t, 9, z). 

The diagrams show clearly th? previously mentioned fact that 
w and p become zero at two points, where N = 0, which is due to 
the vibration damper effect. The difference between the re- 
sponse in vacuo and in water for QL/mc > 1, as shown in Fig. 4, is 
essentially that between an undamped and damped system, the 


response curve showing peaks near the undamped natural fre- 
quencies @,. 

The principal point of interest in the response curve for the 
pressure, |p,/P|, Fig. 5, is its saw-tooth pattern. There is the 
expected resonance at the one real root 9, followsd by a minor 
minimum near QL/me = 1; then, near w: and ws, there are zero 
values followed closely by peaks of unit value. It is also of in- 
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terest that the pressure decreases with increasing frequencies only 
slowly, much slower than the response w, 

Figs. 6 and 7 show the radial response w and the pressure pg 
= (0). 
vacuo and in water is much more pronounced than in the case 
n = 2, 
quency {, of the submerged shell is very much lower than the 
Attention is 


for the case n The difference between the responses w in 


This is principally due to the fact that the only fre- 


fundamental frequency w, of the shell in vacuo. 
drawn to the extreme narrowness of the peaks of the curves in 
Figs. 6 and 7 at the resonant frequency Q;. The response curve 
w near QL/me = 1 has been omitted, because at this point the 
solution for an infinite medium becomes meaningless. (See the 
last paragraph but one of section mentioned previously. ) 

Stiffened Shells. It is worth noting that the theory developed 
is applicable, approximately, to ring-stiffened shells provided the 
length Z of the half wave is several times the stiffener spacing. 
In such a case modes of vibrations of the stiffened shell exist for 
which the displacements are approximately sinusoidal, so that 
the modes may be expressed again in the form of Equation [1]. 
If the frequencies and the shapes of the modes in vacuo are 
known’ the previously derived formulas can be applied and 
furnish approximate results for stiffened shells. Such a treat- 
ment should give good approximations at low frequencies, while 
at high ones detail will be lost, because the vibrations of the shell 
between stiffeners have been neglected. 

Errect or Static Pressure 

The theory presented in earlier sections neglected the effect of a 
static pressure in the surrounding medium on the shell. 

The effect of the static pressure on the medium is allowed for 
indirectly by the use of an appropriate value c for the velocity of 
sound, but the “buckling effect”’ of the static pressure on the shell 
does not appear in the previous derivations. 

Consider the shell in vacuo on which an external pressure po 
(smaller than the buckling one) is applied by an imaginary 
inertialess device. The modes of free vibrations and frequencies 
can be determined, furnishing a set of new modes having, in gen- 
eral, lower frequencies than in the case pp = 0. To account for 
the effect of the static pressure it is necessary to use these new 
modes and their frequencies in the previous analysis. 

Provided po is smaller (say, at least 10 per cent) than buckling 
pressure of the shell in the mode having the same half-wave 
length Z and circumferential wave number n, the shape of the 
modes in vacuo for zero pressure and for a pressure po will not 
differ substantially. One can conclude that this is the case by 
applying the reasoning used in reference (4)* to show that the 


8 It is intended to treat engineering methods for the determination 
of these modes in a future paper. 
® See the paragraph containing Eq. [20]. 
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shape of the modes in a thin shell will not be affected appreciably 
by its bending stiffness. It is therefore permissible to use the 
shapes of the modes without static pressure (given in reference 4) 
as approximation of the new modes, but new, corrected values 
w, for the frequencies must be used. The corrected frequencies 
w, can be found from Rayleigh’s principle. If this is done it is 
found that even the frequencies change only very slightly, except 
the fundamental ones for n 2 1. It is therefore sufficient to 
correct the fundamental frequencies for n 2 1 and use the 
original ones for n = 0, and for the higher frequencies if n 2 1. 
The additional term in the expression for the potential energy 
due to a radial pressure po is known from the theory of buckling 
(6) 
Po 


9 


[w? — we? -- ue? — 2awu,|dé dz 


where the symbols are those of reference (4). To be able to apply 
the theory for the infinitely long shell to a shell of great, but finite 
length, it is of interest to be able to include also the effect of a longi- 
tudinal compression due to the pressure po on the end surfaces. 
The additional contribution to the potential energy is 


Po 
2 


[55a] 


a’ 
= [w,? + 0,2]d0 dz 


Applying Rayleigh’s principle, the corrected fundamental fre- 
quency is 


| 7 


= } 92 
oO, = ;}wW 
. \ am 


where, in the case of radial pressure only 


[56] 


(n? — 1) W2 —2 z W.U, + n2Uy 
Be 
U2+V2+ Wi? 


while for combined radial and longitudinal pressures 


ar . - Rion 1 a*x? 
Wil; + n?l 2 +oVet+ea 


(n? 1)W,? —2 


4 


U2+Ve+ We 


B= ——— 

[57a] 
The values of B have been determined for n = 1 to 4, inclusive, 
and are listed in Table 3 for 1 < L/a < 10. It will be noted that 
some of the values B for n = 1 are negative, indicating an in- 
crease of the frequency due to radial pressure only. 
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Tables for Frequencies and Modes of Free 
Vibration of Infinitely Long Thin 
Cylindrical Shells’ 


By M. L. BARON? anp H. H 


Tables are presented for the quick determination of the 
frequencies and shapes of modes of infinitely long thin 
cylindrical shells. To make the problem tractable, the 
shells are first treated as membranes without bending 
stiffness, and the bending effects are introduced subse- 
quently as corrections. The underlying theory is based 
on the energy expressions for cylindrical shells.‘ The 
tables cover the following range: lengths of longitudinal 
half wave L from 1 to 10 radii a; number n of circumfer- 
ential waves from 0 to 6. The results apply for Poisson’s 
ratiov = 0.30. 


INTRODUCTION 


HE problem of the free vibrations of infinitely long thin 

cylindrical shells for the case of negligible bending stiffness 

has been considered by Rayleigh.6 The solution is rela- 
tively simple, leading to a cubie frequency equation. While 
in many cases of practical interest the assumption of negligible 
bending stiffness is permissible, there also are situations where 
this is no longer sufficient. This paper is concerned with pro- 
viding a procedure for the determination of the frequencies and 
modes applicable also when the bending stiffness is not entirely 
negligible. The full solution of the problem including bending 
effects being numerically rather complex, the following approxi- 
mate approach is used which is found to give satisfactory results 
in the range of interest. 

Considering the frequencies of the modes of a selected wave 
length, the use of the membrane theory will result in an error, 
the magnitude of which is not known. One can obtain an esti- 
mate of this error by computing an upper limit for the frequency 
from Rayleigh’s principle. Using the shape of the mode deter- 
mined from the membrane theory, one can compute a corrected 
frequency of a mode of this shape using an expression for the 
potential energy including the effect of the bending stiffness. 
This corrected frequency is necessarily an upper limit for the 
actual frequency and certainly will be a very good approxima- 
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. BLEICH,*? NEW YORK, N. Y. 


tion to the actual one if the difference between it and the mem- 
brane frequency is small. However, it will be shown subse- 
quently that in the range of interest, h/a < 1/30, the corrected 
frequency is always a very good approximation even if it differs 
substantially from the membrane frequency. 

The procedure outlined in the foregoing lends itself well to the 
determination of the frequencies from tables. 
and shapes of the modes according to the membrane theory were 
computed and tabulated for two variables: the longitudinal 
half-wave length L (from one radius to 10 radii), and the number 
n of circumferential waves (from 0 to 6). The frequency equa- 
tion furnishes three roots for each geometry, and the ratios of 
the amplitudes of radial, tangential, and longitudinal motions 
were computed for each root. The ratios were then substituted 
in the expressions for the kinetic and potential energies, and the 
corrected frequencies determined, Owing to the fact that the 
differences between the squares of the corrected and membrane 
frequencies are proportional to the square of the thickness- 
radius ratio, h?/a?, only the respective constants need be recorded 
in the tables. Hence the determination of the corrected fre- 
quencies does not increase the number of variables in the tabu- 
lation which remains at two, the longitudinal half-wave length 
L, and the number of circumferential waves n. 

The next section contains the fundamental equations on which 
the tables in the third section are based. The fourth section con- 
siders the important question of accuracy of the corrected fre- 
quencies indicating the validity of the tables for values h/a < 
1/30. The last section finally contains a short discussion of the 
physical meaning of the results found. While not essential for 
the use of the tables, the discussion sheds light on the dependency 
of the frequencies and modes on the parameters L/a and n. 


The frequencies 


FUNDAMENTAL EQUATIONS 


Using cylindrical co-ordinates r, 6, and z, the displacement of 
any point of the shell is defined by its components, Fig. 1: 


u = longitudinal displacement (positive in direction of z- 
axis) 

v = tangential displacement (positive in direction of positive 
0) 


w = radial displacement (positive inward) 
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mean radius of cylindrica] shell 
thickness of shell 
Young’s modulus 

E 
2(1 + v) 


Poisson’s ratio 


= modulus of rigidity 


v . 
——— = elastic constant 
l—vp 
m = mass of shell per unit of area 
w = circular frequency of vibrations 


The strain energy P stored in the sheli can be expressed‘ as a 
function of the displacements u, v, and w 


where the first term P, is the membrane strain energy 


E h : , 
a2 2(1 — st) @ sin tindaniitiiead 
- oo } 
<9 
2 


+ avu,(ve w) + - (ug + ax} | ded . [2] 
while the second term P; represents the strain energy of bending 


and coupling terms between membrane and bending strains*® 


E hs 4op 2 . »)2 
Ps = 4 — va a" Wy + (wee + w) 


1—vp 3(1 — v) 
2 


+ a (aw,@ — ue)? + a* (rv, + w,@)? 


+ 2a*vyw,, (wee + ve) + 2a [3] 


The subscripts indicate partial derivatives with respect to z or 0. 
The expression for the kinetic energy is 


= Sf [w? + 5° + wildedd 


Membrane Theory. When h is small, P; alone may be used as 
approximation of the total potential energy of the shell, leading 
to the membrane theory. Using Hamilton’s principle the dif- 
ferential equations for this use can be obtained from the condi- 
tion that the integral 


ti 
J= f, (T 
to 


shall be stationary. Substituting Equations [2] and [4] and 
applying the rules of the calculus of variations, the following set 
of simultaneous partial differential equations is obtained 


T = 


4 
a*m | — 1 ( : 
——- 3 ++ a*u > (“ee t+ ae,@) 
2Gh - s . 


+ aN (au,, + 1,6 — wv.) = 0 
a?m |. : _ a 
oGh v — we + veg + ° (ue, + ar,,) 

+ N (au,g + v69 — we) = 0 





am fey ‘ 0 
—w ) uu. - _— = 
2Gh w w+ ve N (au, re w) 

* It is proper to call attention to the fact that the expression for the 
strain energy P's used may not be correct in the light of recent ad- 
vanced shell theories.’ However, the authors are satisfied that the 
effect of any corrected strain-energy expression in the range of the 
following tables is insignificant. 

*“The New Approach to Shell Theory,” by E. H. Kennard, Jour- 
NAL OF AppPLIED Mecnanics, Trans. ASME, vol. 75, 1953, 
pp. 33-40. 
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For convenience E and v were expressed by the shear modulus 


ET 
2(1 + v) 


and the constant 


For infinitely long shells suitable solutions of Equations (6) are 


wz. 
u = U cos n@ cos — e 


L 
v = V sin n@ sin = 


L 


t 





w = W cos n@ sin =o 


where n = 0, 1, 2,...is an integral number indicating the number 
of circumferential waves, L is the length of the longitudinal half 
wave, and U, V, W are constants. Fig. 2 shows a typical dis- 
placement pattern. 








Lowe: Tuoinae SECTION Caoss Secrion 


Fig. 2 


Substitution of Equations [7] into [6] leads to three homo- 
geneous equations for the three constants U, V, W 
- K*?]}U —(2N + 1) njV 
+ 2NjW 
2N + 1) n* — K*] V 
—2(N +1) nW 
[2N + 1)— K*] W 


[20.N + 1) j? + n?- 
—{2N + 1] jnU + [j? 4 


—2NjU +2(N +1) nV 
where 


2 Ta . 
j= peewee an [9] 


L 


K | m 

= Wa ./—.. 
\Gh 

Nonvanishing solutions of Equations [8], and free vibrations, 


exist only if the determinant of Equations [8] vanishes. This 
leads to the frequency equation 


[10] 


(K? — jt — n*) (K*[K? —2(N + 1) (j? + n? + 1) 


+4(2N + 1)j*} +4(2N + 1) j*n? = 0 .. (11) 
For given values of j and n, defining the wave lengths of the mode, 
Equation [11] furnishes three positive roots K?, defining three 
mutually orthogonal modes of frequencies 
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K /Gh 


Oa Nm 


Equation [11] was derived by Rayleigh. The shape of the 
mode pertaining to a particular frequency can be found by com- 
puting the ratios of U, V, and W from Equations [8]. 

For the special case n = 0, the frequency Equation [11] sepa- 


rates into two factors 


_. [12] 


[13] 
.. [14] 


K? = j?.. 
K? [K? —2(N + 1) (gj? + 1)] + 4(2N + 1)7? =0.. 

The modes pertaining to the Solution [13] are purely torsional 
vibrations of the cylinder (U = W = 0, @ = 0). The modes 
corresponding to the solutions of Equation [14] are combina- 
tions of radial and longitudinal motions, without tangential 
components (V = 0). 

Correction of Membrane Frequency. 
quency obtained from the membrane theory to allow for the 
neglected term P; in the potential energy is now obtained from 
Rayleigh’s principle. Using the shape of the mode, i.e., the 
values of the constants U, V, and W determined from Equations 
[8], a new corrected frequency w, is determined from the equality 


A correction of the fre- 


T max = P, max + P2, max [15] 


where the subscript ‘‘max’’ indicates the maximum value of the 
respective quantity. 

Substituting Equation [7] into [4] (but using @, instead of 
w) and integrating over a section of the shell of length LZ gives 


forn +0 
L 
Tacx = mw,’ “ (U24V24 Wy 


The value of P;, max must be equal to the kinetic energy of the 
vibrating membrane which follows from Equation [16] for w, = w 


L 
Wh cies '00 ea = (U2 + V24+W4........[17] 


The value of P2,max can be evaluated by substituting Equations 
[7] into [3], and the value of the corrected frequency w, may 
finally be computed from Equation [15] 
K |Gh ,2" 
w, = } , 
a Nm K? a? 


where K is the root of the frequency Equation [11] and the con- 
stant K*is given by the expression 


. [18] 


KR? = — 1s + n?)2 


J+(y] 

+ 

; v 

i's ee i Ww 

:) (3 —v) nj (FF) 
> — (1 — pv) ny] (7) 


+ SSP nat 


Equation [18] applies for any value of n. The range of ratios 
h/a for which Equation [18] gives sufficiently accurate results is 
discussed in the fourth section. 


® Reference 5, p. 404. 
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TABLES 


The frequencies are determined from the approximate Formula 
{12], or if necessary, from the corrected Formula [18] as indicated 
at the head of the tables. 

The shapes of the modes are defined by the ratios of the con- 
stants V/U and W/U which define the displacements according 
to Equations [7]. These ratios were used to determine K2/K? 
from Equation [19]. The ratios V/U and W/V describe the 
nature of a particular mode, whether it is principally longitudinal, 
tangential, or radial, or possibly mixed. 

For any selected half-wave length L and any number n of 
circumferential waves the frequency equation has three roots 
corresponding to three modes. For n = 1, and similarly for n = 
2,3... to 6, the factor AK, the ratios W/U, V/U, and where re- 
quired the ratio K?/K? are presented as functions of L/a for each 
value of n in separate tables. Each table is in three parts, 
headed “Lowest frequency,” “Second lowest frequency,’’ and 
“Highest frequency,” respectively (Tables 2 to7, inclusive). The 
tables cover the range from L/a = 1 to 10. For h/a < 1/30, 
the two higher frequencies always can be computed from the 
approximate Equation [12], while the corrected Equation [18] 
may be required for the lowest frequency if n > 1. For this 
reason it was not necessary to give the coefficients K?/K? for the 
two higher frequencies.® 

For the special case n = 0, the frequency equation also has 
three roots, Table 1. Owing to the division in torsional and 
nontorsional vibration the headings of the parts of this table differ 
from the others, but are self-explanatory. For n = 0, all fre- 
quencies can be determined from the approximate Equation 
[12], the correction according to Equation [18] is always insignifi- 
cant. 


RANGE OF APPLICABILITY OF TABLES 


The numerical results presented in Tables 1 to 7 can be used to 
examine the effect of the approximations used in obtaining the 
frequencies w and w,. 

The frequency w,, found from Rayleigh’s principle, is an ap- 
proximation of the actual frequency, w, being necessarily too 
high. The membrane frequency w is a cruder approximation 
which is in most cases, but not always, lower than the actual fre- 
quency.” If the difference between w, and w is small, we can 
expect that the error in w, will be even smaller than this differ- 
ence, and use w, or w depending on the requirements of accuracy 
of the problem. 

Values of K? for n = 0 and 1 are given in Tables 8 and 9 for 
three ratios of L/a. If these values are used to determine the 
corrected frequencies w,, it can be shown that the difference be- 
tween w and w, for an arbitrary maximum ratio h/a < 1/30 never 
exceeds 0.4 per cent for n = 0, and 0.7 per cent forn = 1. The 
use of the correction for n = 0 or 1 appears therefore unnecessary. 

Applying Tables 3 to 7 and Equation [18], we find that forn > 1, 

the difference for the lowest frequency in each case is much 
larger than for the second lowest or highest frequency. The 
differences depend on the values K? which are listed in Table 10 
for the higher frequencies. Using an arbitrary maximum ratio 
of h/a < 1/30, the differences for the second lowest frequencies 
never exceed 1/40 of one per cent, and are still lower for the high- 
est frequencies. The membrane frequencies therefore can al- 
ways be used when computing any but the lowest frequency for 
* A detailed discussion is given in the following section. 
1 This is due to the fact that the second term P: of the strain 
energy neglected in the membrane theory contains not only 
the energy of bending, but also coupling terms between membrane 
and bending strains. Owing to the coupling terms P: is capable of 
negative values, indicating that w is not necessarily a lower limit for 
the actual frequency 
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TABLE 1 FREQUENCIES FOR «a = 0 


Lower nontorsional Higher nontorsional 


Torsional frequency 


w = K/avV/Gh/m frequency, w = K/a\/Gh/m frequency, = K/a vy Gh/m 
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TABLE 2 


Lowest frequency 


w = K/a VGh/m 
-—Shape of mode— 
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FREQUENCIES FOR a = 1 
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— Shape of mode 
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Highest frequency 
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TABLE 3 FREQUENCIES FOR a = 2 


Second lowest frequency Highest frequency 


—- - Lowest frequency — 


Ratio, 
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w = K/a V Gh/m (1 + K*h?/K%a?) 
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TABLE 4 FREQUENCIES FOR n = 3 
Highest frequency 
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TABLE 5 FREQUENCIES FOR n = 4 
———Lowest frequency -——————-~ Second lowest frequency———~ ————Highest frequency-————— 
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TABLE 6 FREQUENCIES FOR nr = 5 
——————-Lowest frequency -———-—-—_- ———Second lowest frequency———— Highest frequency —— 
w = K/a V Gi/m (1 + K%h?/K%a?) w = K/awGh/m w = K/a \ Gh/m 
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TABLE7 FREQUENCIES FOR n = 6 


——_————- Lowest frequency-———— —— Second lowest frequency - —~-Highest frequency-—— —— 


w = K/a VGh/m (1 + Kh?/K%0%) w = K/a VGh/m w = K/a VGh/m 
Shape of mode ———. Factor, Shape of mode-—— 
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TABLES TYPICAL VALUES OF K* FOR»n = 0 
L/a = 9 TABLE 10 TYPICAL VALUES OF K? FOR HIGHER MODES, n > 1 
Torsional mode... vc . Of 0.03046 splint: A 
Lower nontorsional mode....../. 21. : : L 2 : 4 5 
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n > 1, and the values K2/K? were omitted from Tables 1 and 
and parts of Tables 3 to7 pertaining to the higher frequencies. 

The determination of the lowest frequency for the cases n = 2 
to 6 requires, in general, the use of the corrected value w,, although 
there are cases where the correction is negligibie provided h/a is 
smal]. The tables applicable for these frequencies contain the 
values K?/K? for convenient computation of w,. It has been 
stated previously that the value w, will be a good approximation 
if the difference between w, and w is small. Applying the ap- 
propriate tables one can ascertain quickly that this is only the 
case for a very limited part of the range, for small values of L/a, 
n,andh/a. If L/ais large, the difference may be several 100 per 
cent (in the extreme case several 1000 per cent) and this simple 
reasoning becomes inconclusive. 

There is, however, another way to approach the problem, 
leading to the conclusion that the frequencies w, in the range 
considered here are good approximations despite the large dif- 
ferences between wand w,. Let us assume the vibration problem 
would be solved accurately by Hamilton’s principle using the 
complete Expression [1] for the strain energy. The solution 
would consist of three frequencies and corresponding modes. 
The two higher ones of these frequencies and their modes would 
be very close to the membrane frequencies and modes presented 
in the tables, because for these modes the portion P; of the 
strain energy is insignificant, as indicated by the small values 
of R? in Table 10. The three modes of the exact solution must 
necessarily be orthogonal to each other, i.e. 


SS ma [ujuy + vy, + wyr,) 


where u;, v;, w,, are the displacement of one mode, and ug, v4, and 
w, of one of the other modes. Substituting the Expressions [7] 
one obtains three simple relations between the nine constants 
U,. V;, W(t = 1,2,3) 


U, Us + Vi V2 + Wi We 
U,U;+ViV¥3 + WW; 
U,Us + V2 Vs + We Ws 


dzd@ = 0 {20} 


Equations [21] apply also for the values U, V, and W of the mem- 
brane theory. If the shape of the two higher actual modes is 
very close to the membrane ones, the values U2, U3, V2, V3, W2, 
and W, for the actual modes will be nearly identical with the 


Ya 


o3 o4 


respective values for the modes of the membrane. The values 
U,, Vi, and W, for the actual modes and for the membrane ones 
satisfy the respective Equations [21] with nearly identical co- 
efficients, indicating that the respective ratios V,/U, and W,/U, 
can differ only slightly. The shape of the lowest mode deter- 
mined from the membrane theory and presented in the tables 
can therefore not differ substantially from the actual shape. As 
w, has been determined from Rayleigh’s principle which gives 
excellent approximations for the frequency even if the selected 
shape of the mode is only a crude approximation, we have a right 
to expect that w, is a good approximation in the entire range 
covered by the tables 

To illustrate the accuracy of the tables in a case where w and 
w, differ substantially the frequency was computed exactly for 
a rather extreme case, n = 2, L/a = 10,h/a = 1/30. Table 3 
gives for this case 


0.03461 


|Gh 0.05653 Gh 
—and w, = 
a m a m 


while the exact frequency was found 


0.05641 Gh 
i. > ~ 
a m 
In spite of the large difference between w and w,, the corrected 
value w, differs only 0.2 per cent from the exact value wex, confirm- 
ing the earlier reasoning. 


DEPENDENCY OF FREQUENCIES ON PARAMETERS L/a, n, AND h/a 


An illustration of the dependency of the frequencies on the 
length of the half wave L/a and the number of circumferential 
waves n is presented in Figs. 3, 4, and 5, for the lowest, second 
lowest, and highest frequencies, respectively. The frequency 
factor K decreases as the ratio L/a becomes larger, indicating 
the decreasing rigidity of the shell. As a function of n the fre- 
quency factor K shows a certain anomaly; for the lowest 
frequency K decreases as n becomes larger, Fig. 3, while it in- 
creases for the two other frequencies, Figs. 4 and 5. It appears 
therefore that the two higher frequencies increase with increasing 
number of circumferential waves, while the fundamental fre- 
quency decreases if h/a is small so that the frequency depends 
essentially on K and only slightly on K*, see Equation [18). 
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Fig. 5 Vatrves AK ror Hicuest Frequency 


The tendency of the fundamental frequency to decrease is ulti- 
mately arrested by a large increase in K?/K? for rising values of 
n. 

The frequencies for n = 0 and 1, and the higher frequencies 
forn > Lare proportional to V Gh/m and increase with the square 
root of the thickness h. Because of the factor 


| RK? kh? 


q! + K2 a? 


the lowest frequencies for n > 1 increase faster with increasing 
h, the increase being very pronounced if L/a or n is large. 





On the Thickness of Normal Shock Waves 
ina Perfect Gas 


By A. H. SHAPIRO! anv S. J. KLINE? 


An approximate method for calculating the thickness 
of shocks in perfect gases, similar to the integral methods 
of ordinary boundary-layer theory, is formulated and leads 
to an explicit formula relating a shock-thickness Reynolds 
number to the Prandtl number, ratio of specific heats, 
and Mach number entering the shock. The method 
takes account of the variation of viscosity with tempera- 
ture. The results of the approximate theory are in exact 
accord with the known exact solutions for (a) the case 
where the Prandtl number is 3/4 and the viscosity and heat 
conductivity are constant, (b) the case where the shock is 
very weak, and (c) the case where the gas has finite vis- 
cosity but zero conductivity. In addition, the approxi- 
mate theory is in good agreement with results obtained 
on a differential analyzer showing the effects of Prandtl 
number and variation of viscosity with temperature. 
The results also are expressed in terms of the ratio of shock 
thickness to mean free molecular path in the inlet gas. 
This ratio is given in terms of the Prandtl number, ratio 
of specific heats, and shock strength. In the absence of 
relaxation effects, the numerical magnitudes suggest that 
the continuum theory is accurate for inlet Mach numbers 
below about 1.5, whereas for higher Mach numbers the 
continuum theory is indicative of general orders of magni- 


tude. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= speed of sound 

critical speed of sound 

specific heat at constant pressure 

defined by Equation [19b] 

Pr + piu? 

k l ‘ 
> Pati + 5 Pith 

k—1 2 
ratio of specific heats 
mean free molecular path 
mass flow per unit area, pu 
Mach number, u/c 
dimensionless velocity ratio, u/c* 

exponent in uw ~ T* 
pressure 
Pr = Prandtl number, c,u/A 
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R = gas constant 
Rey shock-thickness Reynolds number, p:w,6/u* 

modified shock-thickness Reynolds number, p,w:6/u 
absolute temperature 
critical value of 7’ 
absolute stagnation temperature 
velocity in x-direction 
direction normal to plane of shock 
shock thickness, defined by Equation [10] 
coefficient of thermal conductivity 
coefficient of viscosity 
mass density 


_ refers to conditions far upstream of shock 

, refers to conditions far downstream of shock 

* refers to values of properties evaluated at 7'* 

INTRODUCTION 

Definition of Problem. Plane compression waves in perfect 
gases tend to become ever steeper as the result of the nonlinear 
interaction between pressure and inertia forces. This tendency is 
resisted, however, by the diffusive-type action of viscosity and 
heat conduction. The compression wave becomes stationary in 
form when the steepening tendencies of the pressure and inertia 
forces are exactly counterbalanced by the spreading tendencies of 
viscous forces and heat conduction. It is then called a “shock 
wave,”’ 

The purpose of this paper is to investigate by means of an 
approximate but simple theory the thickness of plane (i.e., one- 
dimensional) shock waves of stationary form in a gas and to de- 
termine the effects of Prandt] number, of specific heat ratio, of 
initial properties, of viscosit y-temperature variation, and of shock 
strength on the shock thickness. 

Previous Work. Rayleigh (1)* determined the structure of 
shock waves in (a) gases having constant coefficient of viscosity 
but zero coefficient of heat conductivity, and (6) in gases with 
Taylor (2) suec- 
ceeded in taking account of both viscosity and heat conductivity 


constant heat conductivity but zero viscosity. 


by means of alinearizing assumption which limits the results to 
weak shocks. Employing the assumption that the Prandt] num- 
ber is exactly 3/4, Becker (3), and later Puckett and Stewart (4), 
obtained explicit and exact solutions for plane shocks of any 
strength in a gas with constant values of specific heat, viscosity, 
and thermal conductivity. Thomas (5) extended Becker’s work 
on the assumption that the viscosity varies as the square root of 
the absolute temperature and showed the importance of this 
variation for large shock strengths. Morduchow and Libby (6), 
using numerical integrations and the assumption of the Prandtl 
number being 3/4, showed the effects of different laws of variation 
of viscosity with temperature. Further numerical integrations, 
based on the actual variations wit temperature of the properties 
of air, were carried out by Meyerhoff (7), who also investi- 
gated briefly the influence of Prandt!] number. Von Mises (8) 
developed « comparatively simple method for determining be- 
tween fairly narrow limits the thickness of the shock wave. 
Present Approach to Problem. In all the foregoing investiga- 


3 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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tions the gas was treated as a continuum and the Navier-Stokes 
formulation of the state of stress at a point was employed. 
This formulation, it may be recalled, involves the assumptions 
that (a) the stress components are proportional to the rate-of-strain 
components, and (b) the “‘pressure’’ to be employed in the thermo- 
dynamic equation of state [p = p (p, T)] is the mean of the three 
principal stresses, thus making the second (rate-of-dilation) co- 
efficient of viscosity exactly zero. In the energy equation a simi- 
lar linear proportionality between heat flux and temperature 
gradient is assumed in the form of the Fourier law of heat conduc- 
tion. 

Now the results of the several theoretical investigations men- 
tioned indicate that the dissipative zone of the shock is extra- 
ordinarily narrow, amounting to no more than a very few mean 
free molecular path lengths. Since the total changes in fluid 
properties occurring in this zone usually are quite large, it follows 
that the gradients in the shock zone are probably several orders of 
magnitude greater than in any other type of experiment we could 
hope to carry out. This immediately raises questions as to the 
validity of the continuum hypothesis and of the linear laws of 
viscosity and heat conduction. In addition, there come to mind 
such other questions as those relating to statistical equilibrium, 
thermal-relaxation effects, quantum effects, and dissociation 
effects. 

In brief, the results of the theoretical investigations throw 
doubts on the assumptions underlying the theories. This is 
stated not to disparage the researches enumerated, for they have 
been fruitful, but rather to cast them in an appropriate light. 
That is, the continuum theories based on the Navier-Stokes 
equation must be regarded as supplying order-of-magnitude in- 
dications as well as useful information concerning trends pro- 
duced by variations of important parameters. 

Viewed in this light, approximate solutions of the Navier- 
Stokes equation may be almost as meaningful as ‘exact solutions.” 
This will be particularly true when the approximate solution is in 
a closed algebraic form and the exact solution requires laborious 
numerical integrations. Since the exact solution in this case does 
require numerical integration (except for Prandt] number equal 
to 3/4), the closed approximate solution may well be more useful 
for many practical purposes. 

The approximate method outlined in this paper for calculating 
the shock-wave thickness is similar in many respects to the inte- 
gral-momentum method for the ordinary viscous boundary layer. 
In the latter method, (a) we satisfy the governing physical laws in 
the large, but violate them in the small except at a few points, 
and (b) we assume a “plausible” velocity profile, guided by the 
known boundary conditions and the ability to satisfy the exact 
equations of motion at a few points. In the method to be out- 
lined, (a) we satisfy the governing physical laws in the large, i.e., 
for the shock as a whole, by introducing the Rankine-Hugoniot 
equations for the conditions far upstream and far downstream of 
the dissipative zone, (b) we do not attempt to satisfy the govern- 
ing physical laws in the small, except at one point, and (c) we 
introduce an arbitrary but plausible velocity distribution in the 
dissipative zone, selected so as to satisfy the Rankine-Hugoniot 
conditions at plus and minus infinity and to satisfy the governing 
laws at one point in the interior of the shock zone. 

It will be assumed that we are dealing with a perfect gas having 
constant specific heats. 


ANALYSIS 


Governing Physical Equations. To analyze the details of the 
shock zone, we may examine the flow through a control surface of 
unit cross-sectional area perpendicular to the flow and of infinitesi- 
mal thickness dr. 
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Since we are dealing with a one-dimensional steady flow, the 
equation of continuity is 


pu = Pils = Pole = m = const............[1] 


With the assumptions outlined previously for the Navier- 
Stokes stress formulation, the dynamic equation in one dimension 
may be written (9) 


du ™. dp 4 d 4 du 
wa dz dz\3" dz]""’ 


Since, by Equation [1], the product pu is equal to the constant m, 
Equation [2] immediately may be integrated to the form 


4 du 


mu +p—-p =F=p,+mum... <i 
» tf 


ix 
where the constant of integration F is evaluated in terms of con- 
ditions far upstream of the shock zone; there the fluid properties 
are uniform, and, accordingly, du/dz = 0. 

Proceeding with the same assumptions as before, the energy 
equation may be written as (9) 


d +4 du ae , af 
— —D L = ae 
dr - 3h" ar} * dz dz 
pu df{p d “) 
ap Seow mas Ee fe 
S(t) +n3(5 2 


In the light of Equation [1], this also may be integrated once, 
thus giving 
4 du aT m u? 
u—- pu— —A— +— 
P 3 - d dr k—1 


P +m 
p 


m u,? 
=G = pm + Pata +m 2°" 
where the constant of integration G is evaluated in terms of con- 
ditions far upstream, where both du/dz and d7/dz are zero. 
From Equation [1] and the relation p = pRT it may be shown 
that 7 = pu/Rm. Inserting this into Equation [5], and making 
other minor rearrangements, the energy equation becomes 


ko) 2 duty) Aad 
k—1 Pu 3 * dr Rmdz 


mu? 


(pu) + - G 


From Equation [3], however 


F 24 2 du?) 
= — mi -s-—— 
pu u d 3 L ,™ 
Eliminating pu from the foregoing pair of equations, and simpli- 
fying, we obtain a second-order, nonlinear, ordinary differential 
equation for u as a function of z 
2rAu d? 
2 © oy 4 
3 Rm dz? 
A r du k + 1 mu? 
Rm dr k—1 2 
Selection of Velocity Distribution. It remains to select a simple 
velocity distribution u(x) which will approximate the exact solu- 
tion to Equation [6]. We may be guided in this choice by the 
following requirements: 
(a) Atz = +~©, the velocity gradient du/dz should vanish. 
(b) Far upstream of the dissipative zone (r = —), the 
velocity should be 1. 
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(c) Far downstream of the dissipative zone (r = + ©), the 
velocity should be us. 

(d) The function u(x) should vary monotonically, should be 
continuous, and should have continuous derivatives. 

(e) Since requirements (a, 6, c) demand a point of inflection 
(d*u/dz? = 0), this point is, without loss of generality, arbitrarily 
placed at z = 0. This agrees with the known exact solution of 
Becker (3) for Pr = 3/4. 

(f) To conform with the known exact solution of Becker (3) for 
Pr = 3/4, the velocity at the inflection point (x = 0)isset equal 
toc* = V wus. This is equivalent to the assumption that M = 1 
at the inflection point, z = 0. 


After some casting about, a combination of two error integrals 
was found to conform satisfactorily to the foregoing criteria 


z<0: u =c* + (wu, — c*) erf (—z/b) 


— a luy zr 
c* + (ue c*) erf — 
ue b 


where 6 is a characteristic length soon to be associated with the 
shock thickness, and erf(x) is defined by (10) 


2 —-* 
erf(zx) = if e~?/2at 
Tv 0 


This curve is seen from Fig. 1 to be in close agreement with 
Becker's exact solution. In order to determine how sensitive the 
results might be to the choice of velocity distribution, a sym- 
metrical sine curve also was investigated. From Fig. 1 it is 
plain that the sine curve is a very crude approximation and that 
it does not quite satisfy requirements (a), (b), (c), and (f). 


xz > 0: 








Fic. 1 Comparison or Becker's Exact Vetocity DistrispuTion 
ror Pr = 3/4, Mi = 2.0, anp & = 1.4 Witrn Arsirrary Error 
Curve, Equations [7a] anv [7b], anp Wits a SYMMETRICAL Cosine 
CURVE 
(In order to compare the curves easily, they all have the same slope at 
the inflection point.) 


Shock-Thickness Reynolds Number. The velocity distribution, 
Equation [7], is as yet undetermined to the extent that the 
characteristic length b is unknown. We now evaluate the latter 
by requiring that Equation [6] be satisfied at one point, namely, 
atz = 0. Accordingly, we find from the properties of the error 
integral that 

(u)seo = c* . . [9a] 


du m ~~ <¢* | 2 2 ce e 
(*)_-- + %-°-%s35o-9-™ 


a) 2c*(u; — c*) l2 Is c*3 
(“ r=0 b \ \ wr b on 


d? ) 
2) = 
dz? (u / z~<0 


At this point it is convenient to define a characteristic thickness 
for the shock. This is defined in the usual manner as 


[9e] 


4 (wm 
T b? 


4 c*? 


__ 


[9d] 


U2 — 
: = 10 
(du/dz) seo [10] 


and has the geometrical significance indicated by Fig. 1. Com- 
bining this with Equation [9b], and recalling that uu, = c**, we 


may form the relation 
6 lax M,* r 
b~ Voom 
Thus Equations [9b], [9c], and [9d] may be expressed in terms 
of 6 rather than b. 

Equations [9a], [9b], [9c], and [9d] are now substituted into 
Equation [6], with 6 eliminated in favor of 6 by means of Equa- 
tion [11]. At the same time, since we are attempting to satisfy 
Equation [6] at z = 0, the transport properties are evaluated at 
the temperature T* corresponding to z = 0; they are therefore 
denoted by the symbols u* and A*. How 7'* is determined is 
discussed later. 

After these substitutions have been made in Equation [6], the 
latter is in the form of a quadratic algebraic equation with 6 as 
unknown. In the course of solving this equation, certain dimen- 
sionless groups appear quite naturally. The chief of these are the 
“shock-thickness Reynolds number,’’ defined by 


- piu, 


Rey = ~ [12] 
Le 


and the Prandtl] number, defined by 


Pr* = 


[13] 


The following relations also are useful in simplifying the solu- 
tion 


F Pr 


prt? 


[14] 


G 1 Pr Pr 


1 
, piu? = 9 [15] 


} + 
piu;? (k 


mu? 2 (k — 1)M,? 
It has been found convenient to express the results in terms of 
M,* rather than M;, where (11) 


M,* = u:/c*. [16] 


. [= M,*? 
po [17] 


and 


[18] 


cng 
k+1 


where co is the stagnation speed of sound either far upstream or far 
downstream of the dissipative zone. 
With the help of the auxiliary relations of Equations [12] to 
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[18], the solution of Equation [6] at z = 0 may be brought into 
the convenient and explicit form 


Rey = Doman t ly hh + 
8+ te \ 


Bk(k +1) 1 (Mi*-~ 1)? 
3Pr* DD? Mi 


[19a] 
where 


4 2k k+1\M"241 
D= —{ - nie 195] 
3° pre (s+. ) M,* 119] 


The selection of the sign preceding the radical in Equation [19a} 
is determined by the requirement that Rey be positive—thus, 
when D is positive the plus sign must be used, but when D is nega- 
tive the minus sign must be used. 

A word is now in order regarding the evaluation of u* and A*. 
If we choose to ignore the variation of u and A with temperature, 
then there is no difficulty, as u* and A* may be evaluated at the 
temperature 7. When it is desired to make an improvement on 
this calculation, however, we may be guided by the exact solution 
for Pr = 3/4. In the latter case the adiabatic stagnation tem- 
perature 7')is constant throughout the dissipative zone, and there- 
fore T* = [2/(k + 1)]7. It seems reasonable to suppose that 
evaluating u* and A* at this same temperature for other values of 
Pr will provide a good approximation. Since this type of simplify- 
ing assumption is in keeping with the general purpose of the 
method outlined here, it will be adopted in what follows. 


RESULTS 


Comparison With Exact Solution for Pr = 3/4. Puckett and 
Stewart (4) have put Becker’s exact solution (3) for the case 
where Pr = 3/4 and yw and J are constant into the form 
2 J. * 
(Rey)p1/, = > a. he [20] 

3(k +1)Mi* —1 

When Pr* is set equal to 3/4 in Equation [19], it reduces 
to Equation [20], thus showing that the approximate method of 
this paper is in perfect agreement with the exact solution of 
Becker. This gratifying result suggests that the approximate 
method is likely to be reasonably accurate for other values of 
Prandt] number. 

Very Weak Shocks. When M,* approaches unity, Equation 
[19] may be approximated by 


4 (4 k—1 1 
Rey) 2 Sd veut 
(Rey pase sith =) a 


Hence the thickness of weak shocks is inversely proportional to the 
strength of the shock, provided that the strength is measured by 
the fractional difference between the propagation speed of the 
shock and the propagation speed of a sound wave. Even for 
extremely weak shocks, however, the shock thickness at normal 
pressure and temperature is extremely small compared with the 
dimensions of physical objects. For example, in air at normal 
atmospheric conditions, with M,* = 1.05, k = 1.4, and Pr* = 3/4, 
it is found that 6 is only about 10-5 ft. 

Taylor (2) has worked out the exact solution to Equation [6] 
for arbitrary values of Pr on the basis of the linearizing assump- 
tion that M,* is nearly unity. When arranged in the form of the 
shock-thickness Reynolds number, his solution proves to be 
identical with Equation [21]. This agreement lends added confi- 
dence in the accuracy of the approximate method of this paper. 

Very Strong Shocks. For infinitely strong shocks, M,* attains a 
finite maximum given by Vk +1)/(k —1). When this value 
is substituted into Equation [19], it is found that the shock- 


(21) 
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thickness Reynolds number of very strong shocks is finite and not 
zero. The numerical values of Rey for very strong shocks may 
be read from Fig. 2. (For remarks concerning the shock thick- 
ness itself, see the discussion accompanying Figs. 5 and 6.) 


M,#u,/Cc, 


23 3 4 5 6781000 


k=1.4 


COSINE VELOCITY 
DISTRIBUTION 
WITH Pr*®= 0,75 


Pr*=0.! 


3 - 

M, 

Fig. 2. SHock-Tuickness ReyNotps NumMBer Versus M),*?, ror 
Various VALvuES or PrRanpTL NuMBER, AND With k = 1.4 


(Solid curves are for error-integral velocity distributions, and dashed curve 
is for cosine velocity distribution.) 


Gas Withk = 1. When k is set equal to unity in Equation 
[19], the latter may be reduced to the simple form 
+M,* + 


1 
(Rey )x-1 = 3M , . [22] 
The most interesting feature of this result is that the shock- 
thickness Reynolds number is independent of Prandtl number, 
and hence the shock thickness itself is independent of the co- 
efficient of thermal conductivity. This may be explained easily 
on physical grounds. In a gas with k = 1, the specific heats are 
infinite, and, therefore, finite changes in state occur with zero 
change in temperature. This means that the gas flows through the 
dissipative zone of the shock isothermally. Consequently heat 
conduction plays no role in the process, and the shock thickness 
is accordingly independent of AX. 

Since, for k = 1, the results are independent of Pr, it follows 
that Equation [22] should be identical with Equation [20] when 
k = 1 is inserted into the latter. This is, in fact, the case. 

Gases With Extreme Values of w* and X*. It is of some in- 
terest to examine the limiting cases where A* and u* take on ex- 
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TABLE 1 


Pr = 0 ——_—— 
ut =0 
A* # 0, @ 


a 


* M* +1 4k 
piucp* Mi*—1\k +1 


treme values of either zero or infinity. The values of Rey and 
6 corresponding to four such combinations are summarized in 
Table 1. 

It is seen that the shock-thickness Reynolds number is always 
infinite for Pr = 0 (zero viscosity or infinite conductivity) but is 
generally finite (except at M,* = 1) for Pr = © (zero conduc- 
tivity or infinite viscosity). 

If either u* or X* is infinite, then the shock thickness becomes 
infinite, as might be expected from physical considerations. 

When the gas has finite viscosity but zero conductivity, 
or finite conductivity but zero viscosity, the shock thickness is 
finite. These results are in accord with the exact results obtained 
by Rayleigh (1) and by Taylor (2), both of whom found that 
either finite viscosity alone or finite conductivity alone can 
account for the existence of finite compression waves of stationary 
form. Indeed, the formula for 6 given in Table 1 for the case where 
A* = 0 is identical with the formula for 6 calculated from Ray- 
leigh’s exact solution (1) for the case X = 0; this constitutes still 
another exact agreement between the present approximate 
method and a known exact solution. 

Effect of Mach Number. Fig. 2 shows that the shock-thickness 
Reynolds number decreases with ascending Mach number. For 
Mach numbers near unity this effect is very pronounced, but at 
high Mach numbers the shock-thickness Reynolds number is 
nearly constant. The shapes of the curves in Fig. 2 are typical 
of those for values of k between 1 and 5/3. 

Effect of Prandtl Number. Fig. 2 (and Fig. 4) are typical of the 
effects produced by variations in Pr* for gases with k not too close 
to unity. The outstanding feature to be observed is that, for 
values of Pr* between, say, 3/4 and infinity, the shock-thickness 
Reynolds number is insensitive to variations in Pr*. 

In fact, comparison of Table 1 with Equation [20] shows that 


(Rey )pr*1/, = 
(Rey )pr*- 7 


which establishes an upper limit to the decrease in Rey owing to 
an increase in Pr* for values of the latter between 3/4 and @. 
As the Prandtl] number becomes small compared with unity, on 
the other hand, the shock-thickness Reynolds number rises 
sharply. In the range of real gases, however, where Pr* usually 
lies between 0.5 and 1.0, it is safe to say that the Prandt] number 
has only a minor effect on the shock thickness. 

According to Fig. 3, the influence of Prandt! number is de- 
pendent upon the specific-heat ratio. For k = 1.0 the shock 
thickness is completely independent of Prandt] number. As k 
increases from unity, the effect of Prandtl number increases 
simultaneously. 

Meyerhoff (7), who solved Equation [6] by means of a dif- 
ferential analyzer combined with numerical integration, reached 
the conclusion, “the shock-wave thickness (in air) for an initial 
Mach number of 2.0 is about 3 times greater for Pr = 0.657 than 
for Pr = 0.75.’ This conclusion is vastly different from the 
evidence of Fig. 2. A close examination of Meyerhoff’s results 
reveals, however, that the comparison is between two shocks 
having the same value of p,u; but very different values of initial 
In particular, the inlet temperature 
But if 


pressure and temperature. 
for Pr = 3/4 was 0 C whereas for Pr = 0.657 it was 500 C. 


M,*? 4 
M,* 
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VALUES OF REY AND & 


w* #0, @ 
A* = 0 


»* a a 
A* # 0, «= 

8/3 M.* + 1 3 M*+i 

k + =I 1Mi*—1 
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the shock-thickness Reynolds numbers, Rey, are formed using the 
viscosities corresponding to these temperatures together with 
the thicknesses measured directly from Fig. 3 of Meyerhoff’s 
paper (7), it is found that Rey for the case of 0 C is 4 per cent 
greater than that for the case of 500 C. This difference of 4 per 
cent is (within the accuracy of taking slopes from Meyerhoff’s Fig. 
3) exactly what one would predict, owing to the differences in Pr* 
and k, from Figs. 3 and 4 of the present paper. Therefore Meyer- 
hoff’s result, properly interpreted, confirms the present theory as 
given in Figs. 3 and 4. The difference in shock-wave thickness 
noted by Meyerhoff is only minutely ascribable to the difference in 
Prandt] number and is principally the result of the difference 
in viscosity between the two cases investigated. In fact, the 
effect due to the difference in k, although small for this case, is 
still 3 times as large as the effect due to the difference in Pr. This 
example, incidentally, illustrates the value of working with the 
nondimensional the shock-thickness 


appropriate parameter, 


Reynolds number. 


30 
M, =U,/C, =2 


oO 


Oo Li bt2 &£3 14 LS LE LT 
k 
Fic. 3 SsHock-TuHickness Reynotps Numper Versus Spectric- 
Heat Ratio, ror Various VaLvues or PranptL. NUMBER, AND FOR 


2 . : 4 6 610 


Errect or PrRanptL NUMBER ON SHocK-THICKNESS 
ReyNnotps Number, ror M; = 2 anv k = 1.4 


Fic. 4 


Effect of Specific-Heat Ratio. From Fig. 3 it is seen that the 


effect of k is substantial for gases with low Prandt] numbers, and 
that it is very small for gases with values of Pr* large compared 
with unity. 
change in k from 1.0 to 5/3 acts to increase the shock-thickness 


Reynolds number about twofold. 


In the range of real gases, i.e., for Pr* 2 3/4, a 
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Effect of Variation of Viscosity and Conductivity With Tempera- 
ture. Although both pw and A vary substantially with tem- 
perature, it is known that for real gases their variations are such 
that the Prandtl number depends only slightly on temperature. 
It has been noted already that, everything else being the same, 
the shock-thickness Reynolds number for known gases is insensi- 
tive to Prandt] number. Therefore we may investigate the effects 
of variations in viscosity and heat conductivity by considering 
only variations in viscosity for constant values of Pr*. 

It is convenient to think of variations of viscosity with tem- 
perature as affecting the results in two ways: namely, (a) there 
are gradients in viscosity through the dissipative zone, and (6) in 
the center of the dissipative zone, where presumably viscosity is 
of most importance, the temperature (and hence the viscosity) is 
different from the value at the entrance to the shock. Effect (a) 
cannot be treated by the present analysis, but the effect (6) is 
easily taken into account. 

We define a modified shock-thickness Reynolds number, Rey’, 
in terms of the inlet properties 

Rey’ = pimd/m [23] 
If we assume that the viscosity-temperature law may be repre- 
sented by u ~ 7", where n is an empirically determined constant, 


then 
o T* n 
Rey’ = Rey , Rey (; ~) ne 
Mh 


1 


) 


From the laws of adiabatic flow (11) 
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Therefore 


2 
Rey’ = Rey | ( 
“Lk+1 


By means of Equation [25] the results given previously 
may easily be expressed in terms of Rey’ rather than Rey. 

To illustrate the effects of viscosity variation, Fig. 5 shows 
how p,u,6/: varies with inlet Mach number for Pr* = 3/4, k = 
1.4, and for values of n of zero (constant viscosity), 0.5 (value 
from kinetic theory), and 0.768 (empirical value for air). It is 
seen that the variation of viscosity increases the shock thickness 
at all Mach numbers; this is explained physically by noting that 
the variation in viscosity with temperature makes the viscosity in 


10 
8 


6 


4 


M, zu, /C, 


Fic. 6 Rey’/M; Versvs M; ror Pr* = 3/4 ann k = 1.4 


(The ordinate is proportional to shock thickness for fixed thermodynamic 

properties, and the abscissa is a measure of shock strength. The ordinate 

also is proportional to ratio of shock thickness to mean free molecular length 
in inlet gas.) 


the midst of the dissipative zone larger than the inlet viscosity, 
and this in turn increases the spreading tendencies of viscosity. 

At high Mach numbers the effect of viscosity variation is 
especially pronounced. Whereas for the case of constant vis- 
cosity Rey’ constantly decreases with rising Mj, in the case of 
variable viscosity the value of Rey’ falls to a minimum and then 
rises again, approaching infinity as M,; approaches infinity. 

To show the effect of shock strength and of viscosity-variation 
on the shock thickness for fixed thermodynamic properties (p;, 7, 
Pi, Mi, Cy) at inlet, Rey’/M, is plotted against M, in Fig. 6. Ac- 
cording to kinetic theory, the ordinate of this chart is approxi- 
mately twice as large as the ratio of shock thickness (6) to mean 
free molécular path in the approach gas (l,). Applying this rule 
to the values given by Fig. 6, it is evident that the continuum 
theory of the shock thickness is valid for very weak shocks but is 
only indicative of general orders of magnitude for strong shocks. 

Morduchow and Libby (6), by integration of the exact Navier- 
Stokes equations, obtained results similar to those of Fig. 6. 





SHAPIRO, KLINE—ON THICKNESS OF NORMAL SHOCK WAVES IN PERFECT GAS 


They found (for k = 1.4 and Pr = 3/4) that with values of n less 
than 0.5 the shock thickness (for constant p,, 7, and ,) decreases 
continuously with shock strength and approaches zero as M; > ©; 
for n greater than 0.5 the shock thickness first decreases with M, 
but passes through a minimum and then rises, tending toward in- 
finity for M,; ~ ©; and for n equal to 0.5 the shock thickness de- 
creases but approaches a finite limit as M; —~ ©. The present 
theory, as embodied in Fig. 6, is seen to be in agreement with 
these conclusions. The quantitative values of 6/l; (found by 
comparing Fig. 6 of this paper with fig. 5 of reference 6) are also 
in excellent agreement with those of Morduchow and Libby, 
differing at most by a few per cent. From this we conclude that 
the important aspect of the viscosity-temperature variation is 
that the viscosity in the middle of the dissipative zone differs 
from the inlet viscosity. This is physically plausible because 
most of the viscous action occurs near the middle of the dissipa- 
tive zone. In this respect the shock wave is similar to the viscous 
boundary layer near a solid surface; in the latter case it is known 
that the effects of viscosity variation across the boundary layer 
may be accounted for approximately by treating the problem as 
one of constant viscosity provided that the viscosity is taken as 
some mean viscosity in the dissipative zone. 

The thickness of shocks advancing into gas of fixed pressure 
and temperature having Pr* = 3/4 and k = 1.4 varies with 
shock strength according to the following rules (see Fig. 6): 


1 If the viscosity of the gas is constant, or if it varies only 
slowly with temperature, the shock thickness continually de- 
creases as the shock strength increases. 

2 If the viscosity of the gas varies with temperature as does 
air, the thickness at first decreases with rising shock strength, 
reaches a minimum at M, = 5, and then rises again, tending 
toward infinity as the shock strength becomes infinite. 


Similar rules for other values of Pr* and k may be derived by 
plotting Equations [19] and [25] after the manner of Fig. 6. It 
may be remarked incidentally that this method of plotting is per- 
haps the most illuminating, since it not only brings out most 
clearly the effects of the different variables, but simultaneously 
indicates the validity of the continuum theory through express- 
ing the shock-wave thickness as a multiple of the molecular mean 
free path, 

Effect of Assumed Velocity Distribution. It remains to be seen 


0.10 
ARGON 
——— PRESENT THEORY 
© DATA OF GREENE, 
COWAN & HORNIG 


10 ‘ 42 1.3 14 5 
M, =U, /C, 
Fic. 7(a2) Comparison or Present Toeory With ExperimMeNnTAL 


Resvu.ts or GREENE, CowAN, AND Hornic—ArGon, WiTH k = 1.667, 
Pr* = 0.66, anp n = 0.816 


191 


whether the results of the approximate method are sensitive to 
the choice of the assumed velocity distribution. 

If, in place of Equation [7], the cosine function of Fig. 1 is sub- 
stituted into Equation [6], then Equation [19] must be rep'aced 
by 


Rey 


ee Y (: k as 
k+i1 


3. Pre /M%—1 


8 k(k + 1) 


148.2 = (en ) 
\ (: k— ‘)’ M,*? + 1 
- + -— 


3 Pr* 


[26] 


In Fig. 2 the dashed line represents this equation for k = 1.4 and 
Pr* = 3/4. For low Mach numbers, Equation [26] is seen to 
agree well with the exact solution and indeed reduces to Equa- 
tion [20] as M,;* ~ 1. At high Mach numbers, Equation [26] 
yields too large a value of shock thickness, but the maximum 
error (for M, = 

This result shows that the approximate method yields correct 
orders of magnitude, provided that the assumed velocity distribu- 
tion has the correct general shape in the midst of the dissipative 
A similar conclusion is known to be valid for the integral 


©) is only 50 per cent. 


zone. 
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methods of boundary-layer theory, namely, that the results are 
insensitive to the choice of assumed velocity profile. 
Figs. 7(a) and 7(b) 
comparison between the results of the present theory and the ex- 
perimental data of Greene, Cowan, and Hornig (12). The latter, 
it should be noted, report the shock thickness as (p2 — p;)/ 
(dp/dz)max; although this is not strictly comparable with 6 as de- 
fined in the present paper, the difference should be quite small for 
weak shocks. The accuracy of the experimental shock thickness 
is claimed as +15 per cent. 

For argon, Fig. 7(a), the deviation of the theory from the ex- 
perimental data is within the experimental accuracy of the 
latter. For nitrogen, Fig. 7(b), on the other hand, the experi- 
mental value of 4 is substantially in excess of the theoretical. It 


Comparison With Experiments. show a 
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is tempting to conclude that the difference in agreement be- 
tween theory and experiment in the two cases arises from the fact 
that the nitrogen molecule, unlike the argon molecule, has a 
rotational degree of freedom and thus is subject to a nonequi- 
librium relaxation effect which tends to increase the shock thick- 
ness. However, in the present state of affairs this conclusion 


might be premature, as the combination of experimental errors 


and theoretical inadequacies might be in fact responsible for the 


striking differences between Figs. 7(a) and 7(6). 
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technical mattersin mechanics. These notes must not be 
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Secretary of the ASME Applied Mechanics Division. 


The Delayed Hot-Water Problem 
By WALTER MUNK,! LA JOLLA, CALIF. 


T is a common source of annoyance that in houses where the 
hot-water heater is some distance from a faucet it may take 
a remarkably long time to get hot water after the faucet is turned 
on. After this initial delay the actual change from cold to hot 
water is relatively quick. It will be shown that the heat “front” 
advances at a velocity less, possibly much less, than that of the 
water, and that to a first approximation the heat front remains 
unsoftened. 
The problem differs essentially from classical heat-flow prob- 
lems. 
hot-water heater at r = 0 in the positive x2-direction, 


In its simplest form we assume a pipe extending from the 
Ati = 0, 
when the water is turned on, we have for the temperature 7° = 
H(z) where H(z) is a step function equal to Thor for z < 0 and 
Toa for x > 0. Subsequently 7 = Thor at c = O until the 
original hot-water supply is exhausted, 

The water is well stirred, and 7'(z) is taken as the temperature 
of both the water and pipe at a distance x from the heater.? The 
increase in heat content of pipe and water between x and z + 6z 
is (c’m'bx + embr)6T, where c’ 
and mm’ its mass per unit length, and where ¢, m are 
This increase must equal the 


is the heat capacity of the pipe 
the corre- 
sponding quantities for the water. 
excess ge(07'/dzr)6x41 of heat inflow at x over outflow at x + 6z 
during 6t, provided conduction in pipe and water is negligible. 
Here q = mu is the mass flux at a mean velocity u (independent 


ofz). Hence 


cm 
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T. E. W. Schumann, Journal of The Franklin Institute, vol. 208, 
1929, p. 405 
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where 
m'c’ 


mc 


The solution satisfving the boundary conditions is 
T = H(z rt) 


Thus the “heat wave”’ travels at a velocity » which is always 
less than the water velocity u. 


course, that the pipe has to be heated as well as the water, In 


The reason for the delay is, of 


the case of pipes with thick walls and small ID, the delay can be 
considerable. For */,-in. heavy wrought-iron pipe r = 0.91, 0 = 
0.52u. If the discharge is 6 cu in. per sec, it would take 50 sec 
to obtain hot water at a faucet 30 ft from the heater! 

To the present approximation the hot water arrives suddenly 
Actually, the heat front 
velocity of flow varies throughout the pipe, and the water is 


will be blurred, largely because the 


hotter in the middle of the pipe than against the walls. 


Plastic Potential Theory and Prandtl 
Bearing Capacity Solution’ 


By R. T. SHIELD,? PROVIDENCE, R. I. 


i po purpose of this note is to outline a method of showing 
that the Prandtl stress solution’ to the plane-strain problem 
of a flat rigid punch (or footing) is valid for idealized, weightless 
soils with cohesion whose angles of internal friction are less than 
75 deg. Since a kinematically admissible velocity field can be 
associated with the Prandtl stress solution,‘ 
shows that the Prandtl value* 


limit analysis** 


p = ccot glexp(m tan ¢) tan® (7/4 + ¢ 


is an upper bound for the collapse value of the average pressure 
over the punch, where c is the cohesion and ¢ is the angle of in- 
ternal friction of the soil. A statically admissible extension of the 
Prandtl stress field into the rigid region is found here, so that 
the value [1] is also a lower bound and therefore the true value 
of the average pressure. 

In Fig. 1, O-# is the center line of the punch O-A indenting the 
surface O-D of the soil. The region O-B-C-D is composed of the 
Prandtl stress field of two regions of constant state, O-A-B and 
A-D-C, and a region of radial shear A-B-C. The Prandtl field is 
continued to the line of stress discontinuity B-S-F which is as vet 
unspecified. The stress field below this line is determined from 
the following conditions: 
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Fic. 1 











Fic.2 Mounr’s Crreies ror States or Stress aT Point Sn Fig. 1 


1 o,andgoy, are functions of y only and z only, respectively, and 
T,, is zero, satisfying the equilibrium equations and the sym- 
metry condition across O-E, 

2 Inthe immediate neighborhood of the line of discontinuity, 
the material is in a plastic state of stress. These conditions, to- 
gether with the jump conditions’ across the line of discontinuity, 
are sufficient to determine the stresses in the region B-E-F-S-B 


and to determine the line B-S-F’. 


Fig. 2 shows the Mohr’s circles for the states of stress on either 
side of the line at a typical point S. It is found that, in region 
B-E-F-S-B, oz is a monotonic algebraically decreasing function of 
y, and a, is a monotonic algebraically increasing function of z. 
The vield condition is nowhere violated in this region if ¢ is less 
than 75 deg. 

\ perfectly plastic material may be considered as a soil for 
which ¢ — 0. Designating the shearing stress on a plane of slip 

7 “Stress and Velocity Fields in Soil Mechanics,”’ by R. T. Shield, 
Brown University Report Al1-S81 to the Office of Naval Research, 
December, 1952. 
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by k, it follows from the foregoing that the value (2 + m)k is « 
lower as well as an upper bound for the collapse value of the 
average pressure in the indentation of such a material. A some- 
what similar method has been used by Bishop* to show the va- 
lidity of the “complete” solution to the V-notched bar problem 
for a perfectly plastic material. 


Comparison of the Hardening Pro- 
duced in a Yield-Point Steel by 
Uniaxial Loading Under Static 
and Under Dynamic Conditions 


By D. B. HARRIS! ano M. P. WHITE? 


I‘ a previous paper, one of the authors described a possible 
dynamic stress-strain relation for a metal with a well-defined 
yield point.?- This was deduced from an analysis of permanent 
strains obtained in longitudinal impact tests on wires and short 
cylinders that were made by Professors Duwez and Clark.‘ 

It was concluded,* among other things, that in a metal with a 
definite yield point the plastic deformation produced by uniaxial 
impact would propagate along the specimen in the form of a 
“shock wave,”’ a traveling discontinuity of stress, strain, and 
particle velocity. Because of the large gradient of strain, it was 
believed that the degree of cold-working under dynamic loading 
would be more severe than for an equal strain produced statically. 
(The latter would be at least partly due to a uniform deformation 
occurring simultaneously over the entire length of specimen.) 
Consequently, it was stated, without proof, that in a metal with a 
yield point the hardening associated with a given uniaxial strain 
would be greater under dynamic conditions than under static. 

This matter has recently been investigated at the University 
of Massachusetts. Low-carbon steel (0.04—0.05 C) wire, 0.100 in. 
diam annealed soft, was subjected to tensile impact at about 50 
fps, stress being maintained for about 0.006 sec. Permanent 
strains varying from very small up to about 0.09 in each test 
piece resulted. At several locations, showing a longitudinal 
strain of 0.055, microhardness readings were made at random 
over the cross section, the readings being averaged. 

Before testing, but after annealing, a 12-in. length of wire had 
been taken from the test specimen. This was stretched statically 
to a strain of 0.055 (at 0.02 ipm), sectioned, and its microhardness 
An annealed, unstretched piece of 
The results 


measured at several points. 
wire also was sectioned and the hardness measured. 
are given in Table 1. 


MICROHARDNESS OF TEST WIRES 
VHN 
123.7 
162.4 

. 212.0 


TABLE 1 
Specimen 
Unstrained........ 


0.055 static 
0.055 dynamic. 
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October, 1952. 
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BRIEF 


It appears that plastic straining under longitudinal impact 
causes more severe working and greater hardening in annealed 
mild steel than does an equal static strain. 
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Note on the Problem of Vibrations 
of Slightly Curved Bars' 


By ERIC REISSNER,? CAMBRIDGE, MASS. 


HE following is concerned with an approximate analysis of 

the effect of curvature of a nearly straight beam on its dy- 
namic behavior and, in particular, on its frequencies of vibra- 
tions. It is assumed that the center line of the beam is plane and 
the vibrations which are considered take place in this plane. It 
is further assumed that the ends of the beam do not move. The 
special case of this problem which is given if the center line of the 
beam is a circular are has been considered by Den Hartog* and 
Waltking.‘ A summary of their results may be found in a recent 
monograph by Federhofer.* These earlier results for the circular- 
arc beam are more general than the present results for the same 
case, in so far as they do not depend on the nearly straightness of 
the beam. 

Our principal result is the observation that under assumptions 
to be stated the effect of curvature of the given beam manifests 
itself for all practical purposes entirely through a relatively simple 
modification of the equation (Dw”)” + pw** = q, for the straight 
beam. 


Bastc DIrFERENTIAL EQUATIONS 
We take as equations of motion 


N’ = pu” M” + (wo'N)’ = pw” 


and as stress strain relations 


M =—Dw", N =C(u’ + w'w’) [2a, b] 


In these equations y = wo(z) represents the undeformed center 
line of the beam, u and w are displacements in the directions of x 
and y, and N and M are stress resultant and couple. Further- 
more, D = EI andC = EA, where / and A are moment of inertia 
and area of the cross section of the beam, respectively. Equations 
{1] and [2] require for their validity that the square of the slope, 
(wo’)?, be small compared with unity.® 


1 Supported by Office of Naval Research under Contract N5-ori- 
07834 with Massachusetts Institute of Technology. 

2 Professor of Mathematics, Massachusetts Institute of Technology. 

3**The Lowest Natural Frequency of Circular Ares,”’ by J. P. Den 
Hartog, Philosophical Magazine, vol. 5, 1928, pp. 400-408. 

4 *'Schwingungszahlen und Schwingungsformen von Kreisbogen- 
trigern,”’ by F. W. Waltking, Ingenieur-Archiv, vol. 5, 1934, pp. 429 
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NOTES 195 
Consideration is given to beams with immovable ends, that is, 
with the following boundary conditions 


u(+L) = 0 


Additional boundary conditions for w may be as in the problem 
of the straight beam. 
The following simplifying assumption is now made: The 
effect of longitudinal inertia is negligible compared with the effect 
This means that we neglect the term 
We then have V’ = Oor 


of transverse inertia. 
pu”* in Equation [1]. 


N = No 


Combination of Equations [4] and [26] gives u’ = (No/C) 


wy’w"’. From this, by integration and in view of the Boundary 
Conditions [3] 


J 


PL e] 
v f (1/C)dz | te" de 
—L I 


L 
f wo’w’ dx 
Dunk 
7 
-L 


Combination of Equations [16], [2a], and [5] leads to the fol- 


i(L) u(—L) = 0 = 


(1/C)dz 


lowing integrodifferential equation for w 


(Dw")” 


Wo” L , ; i * 
L . wo'w’ dr + pw = q 
f l (1 C)dr 


which is the principal result of this note. 


EXAMPLE 1 


We consider free vibrations of a beam of uniform cross section 


(D = const, C = const) with center-line equation 


H cos az, a = w/2L 


Ww = 


Setting w = cos pt W(x) we have as equation for W 


W = — f . i we )d iS] 
= SI ' ‘ cos is 
j ; inar Ir z sar {Sj 


A particularly simple result is obtained for a beam with simply 


i 


supported ends. Prescribing 
W(+L) = W"(+L) = 0 [9} 


we find that the solution corresponding to the first symmetrical 
mode of the straight beam is of the form 
W =Acosar [10] 


Introduction of Equation [10] in Equation [8] leads to the rela- 


| ee 
A a‘ + = () 
2D 
2 4 CH? 
pp re (= ) 14+ H 112) 
D 2L) 2D 


The ratio D/C is the square of the radius of gyration i of the 
From this it is concluded that to the order of 


tion 


pp* , 
{ul 


cross section, 





196 


approximation here considered, the curvature correction is a 
function of the ratio of beam rise H to radius 2, independent of the 
span 21 of the beam, Note that this correction is for a sym- 
metrical mode of vibration. To the degree of approximation here 
considered there is no curvature correction for unsymmetrical 
modes. The frequency of the first symmetrical mode as given 
by Equation [12] equals the frequency of the first unsymmetri- 
cal mode when H/i = (30)'/? = 5.48 and is higher than that 
frequency when H/i is greater than 5.48. 


IcXAMPLE 2 


Consider a simply supported uniform beam of span 2Z with 
initial curvature given by 


A, COS Qons1 L + B, COS Qonlr | , [13] 


9 


Setting w = cos pt W(r) and q = O and integrating once by parts 
transforms Equation [6] as follows 


L 


riv , — - "= 
w” + D oL Wo D W 


The solution W may be taken in the form 


o 


W = > X,, COS Qoqs: © + Y,, SIN Gog 


n=0 


my] 
[15] 


Introduction of Equation [15] into [14] leads to the following sys- 


tem of equations 


wie , 1 € 
— : A, 
& D | X. +o Dp 


pp? |... 1C 
at ? } " B, 
E = | “TED 


Equations [16] imply the relation 


\, 1c > A? is 
/ 2D Olon+i* pp?/D 


(A,X, + B,Y,,) = 0..[16a] 


> (A,X, + BaYn) = 0... [16] 


| 
\ 


Aon 4_ pp 2/D 


n 


*D (A,X, + BpY,,) = 0. .[17] 


L 
As = A,X, + BY, = f ‘ we" W dz 


” 


must be + 0 in order to have w»” affect the vibration problem, we 
conclude that the frequency equation for those frequencies which 
are affected by the initial curvature is of the form 


> ( ; A,? = B, 
pp?/D Qonsi! pp?/D 


n=0 


[18] 


Errect oF LONGITUDINAL INERTIA 


The effect of longitudinal inertia may be shown to be negligible 
by an order-of-magnitude consideration. 

We may add that a Rayleigh-Ritz analysis for Example 1, with 
W = Acosarand U = B sin 2az, leads to the following modifi- 
cation of Equation [12] 


pp? _ (7) 14+ 1 H* , nw? HH? 
D \2L 2 i? 64 Lt 
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This confirms the result of the order-of-magnitude analysis that 
for shallow arches the effect of longitudinal inertia is negligible. 


General Solution for Nonuniform 


Hinged-End Columns 


By L. H. DONNELL,! CHICAGO, ILL. 

C' INSIDER an elastic hinged-end column of length l centrally 

loaded by end compressions P. Let the elastic axis be the 

z-axis, with origin at one end, and the principal axes of cross 

sections be in the y and z-directions. Moment equilibrium under 

a transverse deflection w in either the y or z-direction requires 
that 


El d*w/dz?. 


Pw = 


where /(x) represents the principal moments of inertia of cross 
sections about axes perpendicular to the deflection being con- 
sidered. Then equilibrium and end conditions are satisfied if 


w = La,, sin mrx/l (m = 1, 2,3...) 


1 = 1,(Xa,, sin mrx/l)/(Zmia,, sin mrx/l). 


P = WEI, /I? 


The coefficients a,, can be chosen to give the desired variation 
of I in Equation [2], and this expression seems to be general 
enough to represent any possible nonuniformity. The illustra- 
tions show variations in cross section which can be obtained with 


1,2(Fig 2). Any 


only two terms, for m = 1, 3 (Fig. 1), or m = 


rr 
Lt 


| 


Fia. § 


given variation can be approximated as closely as desired by 
equating Expression [2] to the required value at each of as many 
sections as the number of terms used in the series, and solving the 
resulting system of simultaneous equations for Jo, to determine P. 
It should be sufficient to do this for a few sections, since general 
experience indicates ‘hat fine detail in the variation has little 
influence on the buckling load. 

! Kesearch Professor of Mechanics, Illinois Institute of Technology 
Mem. ASME. 

Manuscript received by ASME Applied 
August 26, 1953. 
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Expression [2] is indeterminate for r = 0, x = l but reduces to 
the determinate forms J = [)2ma,,/Xm*a,, and I 1,(Xma,, 
cos mm)/(Zmia,, cos mm), respectively, at these points. If £ 
varies as well as J the bending stiffness EJ can be taken as a 
variable instead of J alone. 


Method of Computing Principal 
Strains 


3y N. J. TALEB,' PRINCETON, N. J. 


HE purpose of this note is to present a method for computing 

quickly the magnitudes and directions of principal strains if 

we are given €,, €2, €; Which are the magnitudes of the strains in 
three arbitrary directions such as 1, 2, 3 (see Fig. 1). 

If €, and €, represent, respectively, the strains in the z and y- 

directions (see Fig. 2) and y,, represents the shearing strain, we 


then have? 





* NOTES 


€:) 
ba) 


ai(€ 
al 


€2) 
b) 


9 ay(€, 
cos <¢ = 
ae( l 


é (right-hand side of Equation [5}) 


ILLUSTRATIVE NUMERICAL EXAMPLE 


Let it be required to find the directions and magnitudes of the 
principal strains if it is given that (see Fig. 4) 


6 = +100 units © = +200 «6 = —50 


B, = 60° B, = 120° 


sin 28, 0.866 = ad 


cos 20; 0.500 = bey 


Substituting in Equation [4] 








2e,’ = (€, + €,) + (€, — €,) cos 2a + ¥,, sin 2a. . [1] 


where €,’ is the strain along any axis, 2x’. 
If z and y are rotated through an angle ¢ so as to coincide with 
the axes of principal strains, we get (see Fig. 3) 


9 


2e,’ = (€:’ + ©’) + (e’ €2') cos 2a 


where €,’ and €:’ are the principal strains. 


At 


In general 


€,') cos 2 (9 


&:')[bj-1 cos 


(€,’ + €2") 4 (e,’ 
(€,’ + €2') + (e,’ 


¢) 
+ a, sin 


al 
os 
2¢ 


2¢) 


¢ 


sin 28, i 
COs 28; ,2=1, 


ay 


bj. = 2,3 


Equation [3] supplies us with three equations which when solved 
yield 
be) 


€:) (a2) 


(1 
(a;)(€ 


ble 
€:) 


( €2)(1 €:) 


(€; 


€ 
1 { 


tan 2¢ 


' Graduate student, Princeton University. 

2?“*Elements of Strength of Matevials,"’ by S. Timoshenko and G. 
H, MacCullough, D. Van Nostrand Co., Inc., New York, N. Y., 
third edition, 1949, p. 81. 

3 No shear acts at the principal planes 

Manuscript received by ASME Applied Mechanics Division, 
vember 10, 1952. 








375 


13.4 


tan 2¢ = = 8.64 


From Equation [5] 


From Equation [6] 
. = 83.3 
2 


.€, = +228.7 units and acts at g = 41° 42’ 


‘This numerator and the denominator in Equation [4] are the 
same. 
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62.1 units and acts at ¢ = 41° $2’ + = 


Advantages of the method are as follows: 


1 It is shorter than the usual methods. 
2 By using Equation [4] one can get ¢ in one step 


without introducing a set of 


Besides that one can find ¢, &’, €2’ 
axes; x, y, find €,, €, Yz,, then proceed to find €,’, €:’ as is usually 


done. 


Use of Double-Exposure Photography 
in Photoelasticity 
By W. M. KOCH! ano P. A. SZEGO,? HOUSTON, TEXAS 


"THE usual experimental setup for two-dimensional photoelas- 
ticity consists of a plane and a circular polariscope. As is 


Reed Roller Bit Company. Mem. ASME. 

? Assistant Professor of Mechanical Engineering, The Rice Insti- 
tute. 

Manuscript received by ASME Applied Mechanics Division, De- 
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well known, the plane polariscope produces both isoclinics (lines of 
constant direction of principal stress) and isochromatics (lines 
of constant difference between principal stresses), while the circu- 
lar polariscope produces only isochromatics. 

We have not been able to find reference in the literature to the 
fact that a pattern of isochromatics alone (without isoclinics) 
may be obtained with a “‘plane’”’ polariscope by use of a doubly 
exposed photograph. To do this, take a first photograph through 
the plane polariscope arranged in the standard fashion. The 
intensity of light falling on the film willv ary as sin? 2w sin? A, 
where A is proportional to the difference between the principal 
stresses while w is the angle between the plane of polarization and 
the direction of a principal stress. Now turn polarizer and ana- 
lyzer, together, through 45 deg. The intensity will now vary as 
cos? 2w sin? A, provided w is still measured from the original plane 
of polarization. Now if the film be doubly exposed, these two 
intensities add to give simply sin? A. Thus the resulting picture 
shows only isochromatics. 

On trying this technique we found the isochromatics obtained by 
double exposure were somewhat sharper than those obtained 
with a circular polariscope. This we incline to attribute to the 
inevitable small imperfections in the quarter-wave plates of the 
circular polariscope. 











Discussion 


On Reinforced Circular Cutouts’ 


H. J. Wetss.?. The author is to be commended for his work 
on the limit analysis of reinforcements of a circular cutout in a 
rectangular slab by a “hub’’ of general symmetric cross section. 
Attention should be drawn to the author’s comments on the 
limitations of the analysis—that the hub was treated as a curved 
beam and shear force neglected. It would be useful to have 
experimental evidence to determine what effect the various 
factors neglected in the analysis have on the results. 


AUTHOR’s CLOSURE 


The interesting comments of Professor Weiss are very much 
appreciated. As yet, no experiments have been performed which 
would permit a direct evaluation of the beam-theory approxima- 
tion. However, some experiments carried out by Vasarhelyi 
and Hechtman® have recently become available and have stim- 
ulated an extension of the theoretical results obtained in the paper 
under discussion. 

The paper was primarily concerned with an analysis of the 
hub, while the slab was assumed to be in a homogeneous state of 
It has been possible to extend the analysis to include 
However, the curved-beam 


stress. 
stress concentrations in the slab 
theory, with an accompanying neglect of shear, has been retained 
Details of the theory may be found in a summary of 
This summary 


for the hub. 
some recent work by Hodge? and his associates. 
also contains a comparison of the theoretical results with the 
experiments of Vasarhelyi and Hechtman. For each specimen 
considered, theoretical upper and lower bounds were obtained 
which differed by less than 20 per cent, and the experimental re- 
sults were always between these two bounds. 


Toroidal-Shell Expansion Joints’ 


R. A. Ciark.? It is always gratifying to learn that experi- 
mental measurements are predicted accurately by a theoretical 
analysis, particularly when the theoretical analysis involves vari- 
ous approximations or idealizations, some of which may be diffi- 
cult to justify completely. Certainly the measured stresses re- 
ported here correlate with theory as closely as could be expected. 
However, the deviation between results for the axial deflection 
does seem surprising, as the author states. Has the author inves- 
tigated this point further?) Any improvement in the theoretical 
results due to the inclusion of the direct strain term in Equation 
[16] of the paper is apparently too small to matter. Relaxing the 

1 By E. Levin, published in the December, 1953, issue of the 
JouRNAL OF AppLiep Mecuanics, Trans. ASME, vol. 75, pp. 546- 

59° 
“" Graduate Division of Applied Mathematics, Brown University, 
Providence, R. I. 

3 ‘Welded Reinforcement of Openings in Structural Steel Members,” 
by D. Vasarhelyi and R. A. Hechtman, First Progress Report, Con- 
tract NObs-50238, University of Washington, Seattle, Wash., 1951. 

4*Final Report on Yield Loads of Slabs With Reinforced Cutouts,’ 
by P. G. Hodge, Jr., Technical Report B11-22, Contract N7onr-35810, 
Brown University, Providence, R. I., 1953. 

1 By N. C. Dahl, published in the December, 1953, issue of the 
JouRNAL oF AppLtiep Mecuantics, Trans. ASME, vol. 75, p. 497. 

2? Assistant Professor of Mathematics, Case Institute of Technology, 


Cleveland, Ohio. 


condition that the tangent remain vertical at the inner edge, @ = 
—m/2, might account for the discrepancy but it seems doubtful 
that this would furnish a sufficiently large correction. 

Although the author does state that the problem at hand is 
closely allied to the bending of curved tubes, greater recognition 
might have been given to this fact. The two problems are actually 
mathematically identical, as had been noted by the writer.* 
Thus the solution of the present problem can be obtained from 
the solution of the problem of the bending of a curved tube by 
little more than a redefinition of the symbols. For instance, the 
quantity V,/Do, used in Equation [27] and graphed in Fig. 10 of 
the paper, is the “‘rigidity factor” for a curved tube, first intro- 
duced by von Karman. Beskin‘ later extended von Karméan’s 
results and, retaining up to six terms in the series, calculated 
coefficients which may be related to those in the present work. 
Actually, work of E. Reissner and the writer® has shown that a 
solution corresponding to the retention of two terms in the series 
is valid for values of 4 up to about 10 and that for u 10 the 
asymptotic solution is sufficiently accurate. 

The author is to be complimented for devising the interesting 
comparisons shown in Figs. 12 to 14. 


AvutTuor’'s CLOSURE 


The author agrees with Professor Clark’s remark with regard 
to the fact that this problem develops to be mathematically iden- 
tical to the problem of the bending of curved tubes even though 
the loadings and deformations in the two problems are markedly 
dissimilar. 

Since the publication of this paper the author has had occasion 
to measure the strain on a toroidal-shell expansion joint with 
quite different dimensions from that reported in the paper. The 
dimensions of the stainless-stee] shell were a = 31.8 in., b = 
1.75 in., h = 0.05 in., which give a value of ¢ = 6.35. The meas- 
ured ratio of maximum bending stress to deflection was 0.11 
= which agrees very well with the curve in Fig. 14 in the author's 
a 
paper. 


The Rate of Growth of Vapor 
Bubbles in Superheated Water’ 


E. F. Lypre.? Although the author’s objective was to verify a 
theory on the dynamic stability of gas bubbles in water, his skill- 
fully conducted experiments on the growth of vapor bubbles in 
superheated water are also a valuable contribution to our know]l- 


3“On the Theory of Thin Elastic Toroidal Shells,"’ by R. A. Clark, 
Journal of Mathematics and Physics, vol. 29, 1950, p. 172. 

‘**Bending of Curved Thin Tubes,” by L. Beskin, JourNaL oF 
AppLtiep Mecuanics, Trans. ASME, vol. 67, 1945, p. A-1. 

§ “Bending of Curved Tubes,”” by R. A. Clark and E. Reissner 
Advances in Applied Mechanics, II, Academic Press, New York, 
N. Y., 1051. 

1 By P. Dergarabedian, published in the December, 1953, issue of 
the JouRNAL oF AppLiep Mecnanics, Trans. ASME, vol. 75, pp. 
537-545. 

2Senior Research Engineer, Armour 
Illinois Institute of Technology, Chicago, Ill. 


Research Foundation of 
Mem. ASME. 
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edge of the phenomena of phase transition and phase equilibrium 


of water. 
It is known from diffusion experiments that the process of 


evaporation from a water surface occurs at a rate which is of the 


order of | per cent of what the conventional evaporation formula 
in the kinetie theory of gases predicts. On account of this extra- 
ordinary behavior of water in contrast to most other liquids, 
studies of bubbles in boiling water are of great importance. 
Such studies were previously available in Jakob’s experiments of 
1932, made with an average superheat temperature of 0.5 deg 
C.2) We now have, thanks to the author’s paper, experimental 
data for five additional superheat temperatures. 

This makes it possible to examine a kinetic theory on the 
evaporation of water which was presented by the writer‘ at the 
for Mechanics in Istanbul, 


Kighth International Congress 
According to this theory, the 


Turkey, August 20-28, 1952. 
increase in the amount of vapor in the bubble is, per unit surface 


l ave pa AU’ 
(* 1 _»* Y ) eer 
v’ v” 


The rate of growth of the radius of a spherical bubble is 


and time 


gR 


G = 
2r 


dr — 
= Gv 


dt 


“ here 
= radius of bubble 
= time 
specific volume of saturated vapor at external pressure 
evaporation coefficient 
acceleration of gravity 
= gas constant for water vapor 
superheat temperature of liquid 
saturation temperature of vapor at external pressure 
= specific volume of saturated vapor at superheat tem- 
perature 


>**Heat Transfer,"” by M. Jakob, John Wiley & Sons, Inc., New 
York, N. Y., vol. 1, 1949. 

***Liquid-Vapor Phase Transitions in Pseudo-Crystalline Fluids,” 
by E. F. Lype, Fighth International Congress for Mechanics in 
Istanbul, Turkey, August 20-28, 1952. 
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internal energy of evaporation at superheat tempera- 


AU’ = 


ture 


For a given external pressure, the rate of evaporation depends 
only on the superheat temperature. Then, the rate of growth of 
the radius has one constant value for each superheat temperature. 
From Equations [1] and [2], herewith, the rate of bubble growth 
can be calculated for the five superheat temperatures tested by 
the author. The result is shown in Figs. 1 to 5 of this discussion, 
where the straight line represents the slope of the r, curve, 

The agree- 
At the lowest 


calculated for a saturation temperature of 100 C. 
ment between theory and experiment is very good 

superheat temperature, Fig. 1, the calculated bubble growth is 
slightly larger than the observed one; this seems to indicate that 
the barometic pressure during the experiment was somewhat 
larger than 760 mm. Some of the curves for higher superheat 
temperature, Figs. 3 and 4, show a-faster growth of the bubble 
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during the first 3 millisec; this has not yet been explained from 
the viewpoint of the kinetic theory. 

Thus the author’s experimental findings can be explained by 
two theories, entirely unrelated to each other. The situation 
seems to be analogous to that encountered in other transport phe- 
nomena; namely, the macroscopic approach (the author’s) pro- 
vides a solution containing cerfain unspecified physical constants 
(thermal diffusivity and conductivity), while the microscopic 
approach (the kinetic theory ) is based on a specific concept of the 
mechanism of the phenomenon and provides a solution which is 
entirely free of unspecified physical constants. 

J.T. Stnnerre, Jr.6 The author is to be commended for his 
ingenuity in devising and applying this simple but elegant ex- 
perimental technique to the confirmation of the importance of 


5 Staff consultant, U. S. Naval Ordnance Test Station, Pasadena 


Calif. 


thermal diffusion in bubble growth as given by the theory of 
Plesset and Zwick 
fundamental research on cavitation under 


This investigation is typical of the excellent 
the direction of Dr. 
Plesset, the need for which is becoming of increasing importance 
in a wide variety of applications including pumps, turbines, pro- 
pellers, torpedoes, submarines, and in fact, wherever damage, 
loss of efficiency, or the production of noise by cavitation are of 
significance. The avoidance of serious cavitation in these ma- 
chines and the accurate prediction of incipient cavitation are 
intimately tied to a better understanding of the mechanism of 
cavitation gained by such fundamental investigations as covered 
in the present paper. 

The author’s analysis gives a clear over-all picture of the 
mechanism of bubble growth in terms of the equation of motion 
with the driving forces based on a number of different assumed 
conditions. What the author calls “dynamic equilibrium” is 
based upon the ideal behavior of a bubble containing nondiffusing 
air and vapor at constant pressure. It is interesting to note the 
condition for stability of this dynamic equilibrium can be ex- 
pressed in the form 


20 
3R 


that is, for dvnamie stability the air pressure in the bubble need 
only be slightly more than sufficient to support one third of the 
pressure difference resulting from surface tension, and may thus 
be quite small for moderate bubble size. Furthermore, for 
ép > 0, that is, for a superheated liquid, any bubble containing 
air will have two radii giving dynamic equilibrium, in which the 
(The 
But below 


smaller radii is dynamically stable and the larger unstable. 
two roots coincide when p, = 20/32 at equilibrium. ) 
the boiling point, a bubble containing air has only one equilibrium 
radius and it is dynamically stable. These results can be derived 
easily from the relations given in the paper. 

Although these considerations of dynamic equilibrium and 
stability are instructive, one must next consider how these results 
are modified when the equilibrium with dissolved gases is con- 
sidered. As pointed out in the paper (and discussed more fully in 
the reference paper by Plesset and Epstein), a dynamically stable 
bubble is unstable when diffusion of dissolved gas is considered, 
and, if the liquid is not supersaturated with dissolved air, the air 
will diffuse out of the bubble into solution and the bubble will 
collapse. If, however, the liquid is supersaturated with dissolved 
air (or gas), as, for example, in a carbonated beverage or as is 
usually the case in a water tunnel operating appreciably below 
atmospheric pressure, there will exist Just one unstable equilib- 
rium radius at which the partial pressure of the dissolved gases 
plus the vapor pressure of the liquid will just balance the ambient 
pressure (po) plus the collapsing pressure due to surface tension 
(2o/R). For smaller radii, the bubble will collapse, while for 
larger radii the bubble will grow indefinitely by a combination of 
diffusion of gas and evaporation of liquid into the bubble. 
(Smaller bubbles may be stable if in contact with suitable solid 
particles or boundary shapes (author's reference 6) and may thus 
serve as nuclei for bubble growth if conditions are changed 

The comparison between the extended Rayleigh theory and the 
Plesset-Zwick theory clearly shows the importance of thermal 
diffusion in limiting the rate of bubble growth and the experi- 
mental results confirm this conclusion 

The justification for neglecting diffusion of dissolved air per- 
haps warrants brief discussion. Clearly some diffusion of dis- 
solved air is required to prevent the concentration of dissolved air 
from increasing indefinitely during boiling. If an equilibrium con- 
centration is reached during boiling, the molal ratio (equal ap- 
proximately to the partial pressure ratio) of air to water in the 
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final stages of bubble growth will be equal to this ratio in liquid 
phase. Since this ratio clearly was quite small in the experiments 
described, the neglect of the air in the dynamics of the bubble 
growth were fully justified. 

The growth of a bubble supersaturated with dissolved gas at a 
temperature below the boiling point should differ in that here 
dp < 0 so that the driving force and the rate of growth are limited 
by the rate of diffusion of gas into the bubble. Nevertheless, it 
appears that the Plesset-Zwick theory with slight modification 
might be used to calculate bubble growth in this case also, inas- 
much as the process is governed by the same diffusion equation 
but with a different diffusivity and somewhat modified boundary 
conditions. The experimental verification might be more diffi- 
cult, however, because of the slower growth and hence larger 
effect of bubble translation during growth. 


AvuTHOR’s CLOSURE 


The author is grateful to Dr. Lype and Mr. Sinnette for their 
complimentary remarks. 

In view of Dr. Lype’s comments on evaporation rates it seems 
appropriate to point out where the question of evaporation rates 
arises. The mechanism of bubble growth, as explained in detail 
in the paper, has to do with the growth of dynamically unstable 
vapor bubbles. These bubbles grow because at superheat tem- 
peratures the vapor pressure inside the bubble exceeds the ex- 
ternal pressure on the vapor bubble. Thus one has the condition 
of the vapor of small density pushing against the very dense sur- 
rounding liquid so that the inertial effects of the liquid play a 
dominant role in affecting the rate of growth. Now the evapora- 
tion of the vapor into the bubble proceeds at a finite rate and if 
this rate is not sufficiently high to keep up with the rate of volume 
change in the bubble, the vapor in the bubble will behave more 
like a permanent gas causing a pressure deficiency. The rate of 
evaporation is estimated from kinetic theory which says that the 
mass of gas evaporated per unit area per unit time at an absolute 
temperature 7’ for water is 


where the factor 0.04 is the coefficient of evaporation for water 
based on experimental data as presented in a paper by Wyllie,® 
p, denotes the vapor pressure for a vapor with molar mass M, 
and B is the gas constant. If one assumes that the vapor obeys 
the perfect gas law 

, 
0 ’ 
Pe= B1 
which is reasonably accurate in the temperature range near 100 
C, Equation [3] may be written 


l Br 


ori 


G = 0.01 p’' 4) Vp’ 


where 


7 | BT 


isthe desired velocity to be associated with the rate of the evapo- 
ration process, 

As an example, for a superheat temperature of 105 C, V is ap- 
proximately 670 em per sec which is much greater than the cate 


§ “Evaporation and Surface Structure of Liquids,” by G. Wyllie, 
Proceedings of the Royal Society, series A, vol. 197, 1949, p. 383. 
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of increase of the bubble radius as determined by experiment and 
Thus the assumption of p, constant, in so far as evapo- 
To sum up the con- 


theory. 
ration rates are concerned, is reasonable. 
cept of bubble growth as presented in the paper, it suffices to 
state that the rate of growth of the vapor bubbles is a dynamical 
process modified by the cooling of the bubble wall by evaporation. 
The finite evaporation rate of the water vapor is so much greater 
than the rates of bubble growth obtained that it lends credence to 
the assumption that the vapor pressure inside the bubble main- 
tains a value corresponding to the temperature of the bubble wall. 
Thus the evaporation rate does not determine the rate of growth 
of these bubbles beyond strengthening the assumption mentioned. 

Recent experiments on the rate of growth of vapor bubbles in 
various liquids have been performed at the Naval Ordnance 
Test Station as a continuation of the work presented in the paper. 
One of these liquids is carbon tetrachloride which is a nonpolar 
liquid with an evaporation coefficient equal to unity. The un- 
published experimental results indicate agreement with the 
Plesset and Zwick theory which predicts a growth rate of vapor 
bubbles in carbon tetrachloride approximately one third as great 
as in water for the same amount of superheat, whereas Dr. Lype’s 
formula (see his Equation [!]) based on evaporation rates would 
predict a growth rate for carbon tetrachloride nearly one thou- 
sand times greater thanin water. In addition, Dr. Lype assumes 
that the vapor in the bubble is always at 100 C and that the liquid 
at the bubble wall is at the bulk liquid superheat temperature. 
This concept of a temperature discontinuity at the bubble bound- 
ary does not appear to be physically plausible. The slopes 
Dr. Lype indicates on the author’s published graphs seem to 
indicate a rough agreement with the data. This agreement 
seems to be merely accidental since a check of Dr. Lype’s coeffi- 
cient of evaporation given as 


where AU is the internal heat of evaporation per mole, ? is the 
gas constant, and 7 the absolute temperature, viclds a value of 
approximately 0.002 for water at 100 C as compared with the 
previously mentioned experimental value of 0.04. 

In connection with Mr. Sinnette’s discussion on the problem 
of dynamic equilibrium of vapor or air bubbles, it should be 
pointed out that experimental and theoretical work is also con- 
tinuing on this phase at the Naval Ordnance Test Station. 


Flexural Vibrations in Uniform 
Beams According to the 
Timoshenko Theory' 


M. A. DenGLER.?. The author deduces the 
sponse of uniform beams in accordance with the Timoshenko 
bending mechanism. Various sets of boundary conditions are 
included in the considerations. The general method employed 
for obtaining mathematical solutions is based on the classical 
principle of mode superposition. Solutions appear as power- 
series expansions which do have certain numerical advantages 
over the exact solutions obtained by the authors of reference 
(1) of the author’s Bibliography, while on the other hand, it 
generally might be admitted that the exact traveling-wave ap- 
proach conveys a deeper insight into the physical reality of the 
respective phenomena. 


1 By R. A. Anderson, publish :d in the December, 1953, issue o? the 
JouRNAL or AppLieD Mecuanics, Trans. ASME, vol. 75, pp. 504- 
510. 

2 Executive Editor (Acting), Applied Mechanics Reviews, Kansas 
City, Mo. 
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DISCUSSION 


The contents of the paper are closely related to the analysis of 
J. Miklowitz (2). Results of all three investigations, the work of 
the present paper, and the works reported under references (2) 
and (1), are in excellent agreement. The idea to treat rotatory 
and shear deflections separately, instead of dealing directly with 
the Timoshenko differential equation in the total transverse dis- 
placement, is a favorable one. It simplifies the establishment of 
boundary conditions. 

The writer notes that the author of the present paper does not 
mention the interesting and important investigation on the same 
subject by R. W. Leonard and B. Budiansky* and assumes that 
this was unintentionally omitted from the author's list of 
references. 

The contents of this latter work are very close to those of the 
present paper. One of the three principal methods of solution 
employed in the latter reference is based on the classical mode 
superposition concept. The writer has not undertaken the task 
of comparing in detail the results of the present author and the 
authors of the NACA Technical Note.’ 


L. E. Goopman.* The author discusses a solution of the equa- 
tions first developed by Professor Timoshenko to account for the 
influence of shear distortion and rotatory inertia on the vibrations 
of beams. The expression developed by the author for the 
corrected natural frequencies of a pin-ended beam (his Equation 
[55}) is exactly the same as one published previously by Goodman 
and Sutherland.6 There is only a trivial difference in nomen- 
clature. This earlier publication also points out the importance 
of the shear distortion at high frequencies and its Fig. 1° is essen- 
tially the same as the author’s Fig. 1. The ordinate was chosen 
in a slightly different way, but to convert the ordinates of the 
curve given by Goodman and Sutherland one has only to multiply 
them by the corresponding abscissas and by 7. They then 
become the same as those computed by the author, barring 
a slight numerical difference which is due to the fact that the 
earlier reference makes use of a shear-distortion coefficient k’ = 
0.870, while the author employs lower values of k’. 

It is only a source of personal regret that the author has 
overlooked the fact that some of his results duplicate existing 
literature. But it is of importance to the profession as a whole 
that correct values of the coefficient k’ be established. In prac- 
tice, a poor choice of this coefficient may vitiate conclusions based 
on the Timoshenko equations, no matter how adroitly the solu- 
tion is manipulated. 

For this reason a discussion, necessarily abbreviated, of the 
determination of i’ is appropriate. 

That there is some excuse for confusion on this point is apparent 
from the number of different values for the same cross section 
which have been employed by writers in the past. Reference to 
these may be found in Civil Engineering Studies, Structural 
Research Series No. 12, of the University of Illinois. In his first 


(1921) paper on the subject, for example, Professor Timoshenko’ 


used the value k’ = 0.667 for a rectangular section. The co- 
efficient k’ is here defined as the ratio of the average shear stress 

3“On the Traveling Waves in Beams,"’ by R. W. Leonard and 
B. Budiansky, NACA TN No. 2874, January, 1953. 

* Research Associate Professor of Civil Engineering, University of 
Illinois, Urbana, Ill, Assoc. Mem. ASME. 

5 Discussion of R. S. Ayre and L. 8. Jacobsen paper, ‘‘Natural 
Frequencies of Continuous Beams of Uniform Span Length,” by 
L. E. Goodman and J, J. Sutherland, Journat or AppLiep MeE- 
CHANIcS, Trans. ASME, vol. 73, 1951, p. A-217, Equations [4]. 

6 Thid., p. 218, 

“On the Correction for Shear of the Differential Equation for 
Transverse Vibrations of Prismatic Bars,"’ by S. P. Timoshenko, 
Philoso ph real Magazine, vol. 41, 1921, pp. 744-746. 
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on a cross section to the product of the shear modulus and the 
angle of shear at the centroid. The material of this paper is 
reproduced, almost unchanged, in the textbook to which the 
author refers (3). 

In 1922, however, Professor Timoshenko® set k’ = O.889 in 
order to bring the predictions of his equations into closer agree- 
ment with the three-dimensional theory of the small! vibrations of 
elastic bodies. Which value is better? 

The numerical value of k’ depends on the distribution of shear 
The diffi- 
culty in fixing &’ arises from the fact that this distribution is a 


stress over the cross section of the vibrating beam. 


function not only of the shape of the cross section but of the 
frequency of vibration as well. In the lower modes the stress 
distribution for a thin rectangular beam differs little from the 
parabola of statics, but in the higher modes, where the correc- 
tions for shear and rotatory inertia are important, the shear- 
stress distribution is a maximum near the upper and lower sur- 
faces and it isa minimum near mid-depth. In other words, at 
the higher modes a sort of ‘‘skin effect’? dominates. If the shear- 
distortion coefficient is to be a constant it can make the approxi- 
mate theory coincide with the exact three-dimensional theory at 
only one frequency. 

By using a value of k’ based on statics the author has elected 
to make the correspondence occur at zero frequency. In the 
cited references by Goodman and Sutherland,’ and in the work 
of Mindlin to which they refer, as well as in a cogent paper by 
Mindlin and Deresiewicz,* it is pointed out that it is more logical 
to enforce agreement at the high-frequency end of the spec- 
trum. 

The two last-named authors call attention to the physical fact 
that as the frequency of excitation is raised to a value in the vicin- 
ity of the first thickness-shear mode of vibration, strong coupling 
between the flexural and thickness-shear modes will greatly affect 
the response of the beam. They conclude that it is desirable to 
choose k’ so that the thickness-shear frequency calculated from 
the Timoshenko equations will agree with that calculated 
from the three-dimensional equations of small elastic vibrations, 
i.e., k’ = 0.822 for a rectangular and k’ = 0.847 for a circular 
cross section. 

The author seems to have used k’ = 0.667 for rectangular and 
k’ = 0.750 for circular cross sections; these are simply the ratios 
of the average to the maximum shear stresses for a static stress 
distribution. In view of what has been stated in the preceding 
paragraphs, it is apparent that these values—or any others based 
on a static stress distribution—cannot give the best results which 
the Timoshenko equations are capable of achieving, especially 
in the higher modes. It would be interesting therefore to learn 
the nature of the “pure shear-vibration theory’’ whose predictions 
are apparently represented by the horizontal dashed lines in the 
author’s Fig. 1. 


AvutTHuor’s CLOSURE 


The author wishes to express his appreciation to Dr. Dengler 
and Professor Goodman for their interest in the paper and for 
their critical comments. 

The author is grateful for the generous comments of Dr. 
Dengler and agrees that the exact traveling-wave approach 
permits a deeper physical insight into the wave phenomena, It 


§ “On the Transverse Vibrations of Bars of Uniform Cross-Section,” 
by S. P. Timoshenko, Philosophical Magazine, vol. 43, 1922, pp. 125- 
131 

**Timoshenko’s Shear Coefficient for Flexural Vibrations of 
Beams,”’ by R. D. Minalin and H. Deresiewicz, ONR Project NR 
064-388, Tech. Report No. 10, Columbia University, New York, N. ¥ 


June 1958 
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is regretted that the excellent work of Leonard and Budiansky 
was not acknowledged. The author's only plea in this regard is 
that the latter report appeared only a month before the present 
paper was submitted and escaped his notice, It should be noted 
that, although both papers present classical mode-superposition 
solutions, the technique of solution is different. The solution of 
Leonard and Budiansky was obtained with the Laplace-trans- 
form technique while that of the present paper was obtained 
with a separation of variables technique. The author feels that 
his statement of the solution especially permits physical insight 
into the vibration problem. 

Although not a major part of the paper, the author regrets 
that he did not give proper credit for the previous derivation of 
the frequency equation predicted by the Timoshenko theory for 
the case of a pin-ended beam. The reference cited by Professor 
Goodman is acknowledged. To be scrupulously fair, it should be 
noted that the above frequency equation was presented but not 
discussed by Professor Timoshenko in his initial paper.!® 

It appears that the discussion has overlooked the main con- 
tribution of the paper which consists of the general solution for 
the flexural response of a beam having standard end conditions to 
an arbitrary transverse loading. The calculations and figures 
presented for the case of a pin-ended beam were considered to be 
an illustrative example revealing the nature of the response pre- 
dicted by the theory. The author regrets he did not state that 
the important parameter k’ was chosen for the static condition 
of the beam. The values of E£/k’G were chosen to be 4 and 
3°/, for solid rectangular and circular cross sections for conven- 
It is not agreed that the nature of the 
As is 


pointe] out in the comprehensive and accurate discussion, the 


ience in the calculations. 
response is particularly sensitive to the choice of &’. 


value of k’ ean be so chosen as to cause the lower set of Timo- 
shenko frequencies to be in substantial agreement with that of the 
more exact three-dimensional theory. But it can be shown that 
such an adjustment of k’ would not change the nature of the 
calculated illustrative example. 

It was not the author’s purpose to consider the optimum value 
for the parameter k’. However, it is felt that, contrary to the 
dogmatic assertions of the discussion, the optimum value of k’ 
for the complete solution has not been established. It is essen- 
tial to note that the empirical procedures for choosing the value 
of k’ are only justified by the results. The values of k’ cited 
in the discussion were chosen to cause the lower set of frequencies 
to agree with that of the more exact three-dimensional theory. 
If the interest is solely in the frequencies, there can be no ob- 
jection to this procedure. For some purposes, the amplitudes 
associated with the frequencies may be at least as important as 
the frequencies. Apparently it has not been established that 
the values of k’ cited in the discussion will result in the optimum 
correction for the amplitudes. 

The author regrets having made a serious omission in not 
identifying the ‘pure shear-vibration theory” depicted in Fig. | 
of the paper. This theory results from the Timoshenko theory 
if the Young’s modulus is allowed to become infinitely large. 
The theory predicts a pure transverse-shear motion which is 
approached asymptotically by the motion in the lower set of 
frequencies at short-wave lengths. The so-called pure shear- 
vibration theory is analogous to the Bernoulli-Euler theory which 
results from the Timoshenko theory if the shear modulus is al- 
lowed to become infinitely large and the rotatory inertia is neg- 


lected. 
“On the Correction for Shear of the Differential Equation for 


Transverse Vibrations of Prismatic Bars,’ by S. P. Timoshenko, 
Philosophical Magazine, vol. 41, 1921, pp. 744-746, equation [10]. 
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Flexural Wave Solution of Coupled 
Equations Representing the More 
Exact Theory of Bending’ 


M. A. DenGier.? The idea to treat the lateral-deflection com- 
ponents of beams due to rotary inertia and shear separately and 
to establish and solve a system of two partial differential equa- 
tions in these two variables instead of a single one for the total 
beam deflection, reveals physical insight into the nature of trav- 
eling-wave phenomena and possesses certain definite advantages 
in view of a reduction of the mathematical .omplexities. 

Without the least intention to diminish the value of this state- 
ment, it might be added, however, that the difficulties of estab- 
lishing boundary conditions which in the present paper are said 
to be inherent to the “total deflection approach” employed by the 
authors of reference (3) and others are somewhat overemphasized. 
It may be demonstrated, for example, in an absolutely exact 
manner and without mentionable mathematical difficulties in- 
volved, that the initial and boundary conditions of an infinite 
beam subjected to a Dirac impulse at the center [problem treated 


in reference (3)], are 


6 
y(z,0) = 0; yf2z,0) = 0; y,f{2z, 0) = $ q(x, 0) 
yAo 


Val, 0) = 


q 
~—— @g(z,0); y(o,t) =0 
yAo 


Ye22(0, 1) = q,(0, t) 


1 
k'GAo 


y,(0O, t) = 0; 


Here 1 stands for the total beam deflection, g(x, t) is the external 
load per unit length, g(x, t) = 6(x7)6(t), and the two Dirac fune- 
tions involved are assumed to be in accordance with the following 
there is a function 


“continuity definition: If continuous 


f(x, ©) such that f(z, €) = O for |x! > €and ~. f*f(z, edz = 1 for 


any positive € whatsoever small, then the limit function 6(r) = 
lim f(z, €) is a Dirac function. 
0 

The boundary conditions listed in the foregoing hence are the 
“boundary conditions under the load”’ for the impact problem of 
reference (3) of the paper. One might now proceed with a double 
Laplace-transform approach (deducing transforms first with re- 
spect to time ¢ and then with respect to distance z) instead of 
using the Fourier-transform analysis employed in reference (3 
As long as one never deviates from the “continuity definition”’ of 
Dirac functions, no appreciable mathematical complication ever 
arises. 

The specific problems dealt with in the paper are important 
and interesting. It is agreed that the mathematical method em- 
ployed for solving them proves successful and permits a remarka- 
bly clear physical picture of the respective traveling-wave phe- 
nomena. The interpretation of the results of Uflyand, reference 
(2) of the paper, of course is correct. The writer assumes that the 
author of the paper has unintentionally failed to include in his 
list of references an important contribution to the subject by R. 
W. Leonard and B. Budiansky.* 


! By J. Miklowitz, published in the December, 1953, issue of the 
JouRNAL or Appiiep Mecuanics, Traas. ASME, vol. 75, pp. 511 
514. 

2? Executive Editor (Acting), Applied Mechanics Reviews, Kansas 
City, Mo. 

3“On the Traveling Waves in Beams,”’ by R. W. Leonard and B. 
Budiansky, NACA TN No, 2874, January, 1953. 





DISCUSSION 


AvuTHOR'S CLOSURE 

The author wishes to thank Dr. Dengler for his interest in the 
paper. 

Dr. Dengler’s remark, that the difficulties of establishing 
boundary conditions in the ‘total deflection approach” are over- 
emphasized, comes as somewhat of a surprise to the author. In 
Dr. Dengler’s own work the difficulties of defining proper bound- 
ary conditions at a beam cut, for the Timoshenko theory, was a 
subject of great concern.‘ In that work it is stated that the in- 
definite character of the boundary conditions was the primary 
reason for treating the infinite-beam problem by a method that 
did not require their definition. With this, and the Uflyand 
boundary condition errors reference (2), asexamples, one can hardly 
refer to these difficulties as overemphasized. 

Further, the author is not convinced that the suggested alter- 
nate approach, for the problem originally treated in reference (3), 
It is highly doubtful that one 
From 


would lead to a correct solution, 
could justify the use of the stated conditions at rz = 0. 
Equations [2] of the paper it is obvious that 


y,(z, t) = mw, (2, t) + y,,(2, t) 


where y, and y, are the bending and shear deflections, respec- 
tively. y,(0, 2) = 0 requires that y,,(0, t) = 0, and y,,(0, ¢) = 0, 
since obviously the special case where y,,(0, t) = -—y,,(0, t) is of 
no concern here. The author would agree that y,,(0, ¢) = 0, but 
not that y,,(0, 2) = 0. In the limit (as € ~ 0) the action of q(z, t) 
tends toward that of a concentrated force at xr = 0. In view of the 
relation for the shear force, Equation [3b] of the paper 
S(x, t) = -—k’ AoGy,(2, t) 

y,,(0, t), then, would not be zero. 

Loss should not be made of the fact that the method of the 
paper leads to the solution of the infinite-beam problem of ref- 
erence (3) in a more direct way than methods that employ the 
nonhomogeneous Timoshenko equation. Only a single Laplace 
transformation is involved. The moment transform m/(z, p) of 
reference (3)° can be obtained by letting S(O, ¢), in Equations [13] 
of the paper, be the Dirac function 6(t) with an associated impulse 
of magnitude A. 

The author regrets not having seen the Leonard and Budiansky 
work? in time to comment in the paper on its important part in 
this subject. 


Dynamic Stress-Strain Relations for 
Annealed 2S Aluminum Under 
Compression Impact’ 


J.D. Campspe.y.? The authors are to be congratulated on the 
interesting experimental work described in this paper, and it is 
gratifying to note the similarity between the authors’ results 
and those obtained by the writer using a similar method of test. 

The difference between the two dynamic stress-strain curves 
A and B in Fig. 4 of the paper appears to be not more than 
10 per cent in strain at any stress. This corresponds to about 5 
per cent in velocity in the curve of Fig. 2; ie., to give agreement 

‘See particularly the paragraph following Equation [22], reference 
(3) of the paper, p. 183. 

* See Equation [39]. 

1 By J. E. Johnson, D. 8. Wood, and D. S. Clark, published in the 
December, 1953, issue of the JourNaL oF AppLIED MECHANICS, 
Trans. ASME, vol. 75, pp. 523-529. 

, oe in Engineering Science, Oxford University, Oxford, Eng- 
and, 
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the curve of Fig. 2 should be raised by about 5 per cent. It ap- 
pears from the points given in Fig. 2 that the curve could well 
be drawn rather higher, particularly near its upper end. There- 
fore it would be interesting to know the authors’ estimate of the 
accuracy with which the experimental curves in Figs. 2 and 3 
can be established. 

The authors state that the difference between their three postu- 
lated stress-strain curves, Fig. 8, results from different rates of 
It seems to the writer, however, that the difference is 
The authors estimated 


strain. 
too large to be attributed to this cause. 
the minimum loading time in their tests to be about 2 microsec, 
and thus the mean rate of strain for the curve marked ‘‘5 per cent 
final strain” (Fig. 8) is about 25,000 sec “'. The particle veloe- 
ity for the “2 per cent final strain” curve is about half that for 
the “5 per cent final strain” curve; thus, assuming that the rise 
time is inversely proportional to the particle velocity, the mean 
The 
authors also give the stress-strain curve for a strain rate of 0.040 
per min, i.e., 0.00067 sec~'. The following table thus gives the 
stress at 2 per cent strain at the three strain rates: 


rate of strain may be estimated to be about 5000 sec™!. 


25000 
10100 


0.00067 
8100 


5000 
9500 


Strain rate, sec 
Stress at 2 per cent strain, psi 


From this it will be seen that between the first and second columns 
the strain rate increases 7.5 X 10° times, and the stress about 17 
per cent; the corresponding increases between the second and 
third columns are 5 times and 6 per cent. It seems unlikely that 
the second relatively small increase in log (rate of strain) could 
cause an increase of stress of the same order as that caused by the 
first very large increase. 

Referring to the propagation distances of maximum strains 
quoted in Table 1 of the paper, it is difficult to see how the dis- 
tance could be greater for a strain of 5 per cent than it is for a 
strain of 3.5 per cent; both sets of calculated distances show a re- 
duction of distance as the strain increases. It appears, therefore, 
that accurate experimental determination of the distance is not 
possible; this is presumably due to the gradual fall of strain with 
distance shown in Fig. 7. The exact shape of the strain-distri- 
bution curve will depend on lateral inertia effects which are 
neglected in the theory. 

kk. H. Lee.? The authors are to be congratulated on the care- 
ful experimental measurements which provide new information 
concerning the dynamic response of metals. There still seem 
to be difficulties in interpreting the detail differences between the 
dynamic stress-strain curves associated with impacts with dif- 
ferent maximum strain values. The interpretation given in the 
paper of having dynamic stress-strain relations which differ 
throughout the entire range of plastic strain is contradictory to 
the wave solution used, in which the front lower stress part of the 
This 
property is illustrated in Fig. 5 of the paper in which the front 


wave is not influenced by the higher stress region following. 


part of the wave applies for all three solutions. 

As mentioned by the authors, the range of strain rate during 
a single impact is very wide. It is much wider than the average 
difference between impacts at the three strain values. This again 
suggests the difficulties involved in using three dynamic stress- 
strain curves. It must be borne in mind when considering the 
high stress-rate values at the impact surface estimated in the 
paper, that they are followed by a period during which high 
stress is maintained at almost constant magnitude. It may be 
that this period of maintained stress, which differs for each strain 
magnitude, has a more marked influence on the strain proauced 


than the differences in initial loading rate. 
3 Professor of Applied Mathematics, Graduate Division, Brown 
University, Providence, R. I. Mem. ASME 
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In spite of these difficulties in the present analysis, the writer 
feels that this paper advances our knowledge of this difficult ques- 
tion and hopes that the authors are undertaking further work 
to enable the problem of the detail of the strain-rate influence to 
be elucidated. 

As a question of detail, it is not apparent from Fig. 8 that the 
elastic limit constant € differs for the three curves. Some in- 
formation on this variation would help in assessing these 
results. 


L. E. Matvern.* The authors have made a valuable addition 
to the existing information about a very puzzling phenomenon, 
the nature of the time dependence or rate dependence of the stress- 
strain relation in impact. The stress-time record at the impact 
end shows essentially constant stress until the arrival of unloading 
waves reflected from the free end of the specimen. This seems 
to indicate that the departure of the maximum stress and strain 
from the values predicted by the von Karman theory, using the 
static stress-strain relation, cannot be explained by postulating 
a relaxation type of time dependence. 

Some additional static compression of specimens cut from the 
constant residual-strain region of the bars used in the impact 
test might give further useful information. If in the further com- 
pression, the stress-strain curve is appreciably higher than the 
continuation of the original static curve, a dependence of the hard- 
ening on strain-rate history would be indicated, possibly due to 
greater disordering of the crystalline structure in the deformation 
under impact. Stress relaxation would be expected if the depend- 
ence is on instantaneous strain rate, rather than strain-rate 
history. But the uniformity of the residual strain for a considera- 
ble distance from the impact end seems to defy explanation on 
the basis of history dependence, since the strain-rate history 
varies greatly with distance from the impact end. 

It would be desirable to have strain-time records obtained at 
stations on the specimen. For impact velocities much lower 
than most of those used by the authors, Sternglass and Stuart’ 
have obtained such records for tensile impacts on specimens under 
initial tension. © 

Their results appear to show that in the transient response 
to impact, small plastic-strain increments are propagated at 
the elastic-wave velocity even when the initial tension is well 
into the plastic range. These results do not appear to be explain- 
able either by a single dynamic stress-strain curve or by a family 
of curves as proposed in the present paper. 


D. A. Stuart. The authors are to be congratulated for their 
fine work and carefully written paper. However, the writer has 
some questions and comments which may concern, or be of 
interest in, their work. 

It seems unfortunate that the authors did not determine 
the strain as a function of time in the test specimen. Using 
SR-4 strain gages, this procedure is not difficult and is extremely 
valuable. For example, using such a technique in the investiga- 
tion of transient pulses in annealed copper, Sternglass and Stuart’ 
have observed recoverable strains of a much larger magnitude 
than Obviously, any technique that 
measures only a permanent or plastic strain is incapable of ob- 


previously suspected. 


taining such information concerning recoverable (elastic) de- 
formations 


* Assistant Professor of Mathematics, Carnegie Institute of Tech- 
nology, Pittsburgh, Pa. 

®**An Experimental Study of the Propagation of Transient Longi- 
tudinal Deformations in Elastoplastic Media,”’ by E. J. Sternglass 
and D. A. Stuart, JourNAL oF AppLiep Mecuanics, Trans. ASME, 
vol. 75, 1953, pp. 427-434. 

* Associate Professor of Materials, Cornell University, Ithaca, N. Y. 
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Also, the authors have indicated that the dynamic stress- 
strain curve for annealed 2S aluminum lies considerably above 
the static curve. In particular, it is stated that the overstress 
varies from zero to @ maximum of 20 per cent of the stress at 
the highest attainable strain. It seems likely that such an effect 
is due to the strain rate and, if so, one would expect that the 
amount of allowable overstress would vary not only with the 
strain rate but also with the effective impact duration. It 
would be of interest to know whether such a variation of the 
amount of overstress with impact duration was observed or in- 
vestigated. In addition, although it has been believed that 
face-centered cubic structures do not exhibit the phenomena 
of “delayed yield,”’ preliminary experiments by H. Sack? have 
shown that annealed copper exhibits such an effect. In view of 
this fact, the change, if any, of the dynamic stress-strain curve 
with impact duration is of paramount importance. 

Finally, since the von Karman theory was derived with the 
assumption that the strain-rate effect is negligible, the writer 
has some question concerning the significance of the dynamic 
stress-strain curves obtained by applying the von Karman 
theory to an experiment which deviates so widely from the as- 
sumptions of the theory. It is believed that a justification of 
this use of the theory is necessary. 


Avutuors’ CLOSURE 


The question raised by J. D. Campbell regarding the accuracy 
with which the experimental curves shown in Figs. 2 and 3 of 
the paper can be established may be answered as follows: Some 
purely elastic impact tests which were performed showed agree- 
ment between theoretical and experimental results within +1.2 
per cent. Thus the authors conclude that the accuracies of 
stress and impact-velocity measurements are +1.5 per cent or 
better. The absolute error in the residual-strain measurements 
is +0.05 per cent strain or less which is determined by the sen- 
sitivity of the device employed to measure the specimen diame- 
ter. The additional scatter of the experimental points in 
Figs. 2 and 3 over and above their uncertainties may be attrib- 
uted to slight variations in properties between the specimens. 
The authors feel that the data justify the conclusion that a 
slight but real difference exists between the two stress versus 
strain relations designated A and B in Fig. 4. 

The modified stress versus strain relations given in Fig. 8 


represent the consequences of the simplest hypothesis which 
the authors have found to be capable of describing the difference 


between the relations A and B of Fig. 4. At best, this hypothe- 
sis (the existence of an individual stress versus strain relation 
corresponding to each value of the maximum impact strain) can 
only be a rough approximation to reality. 

The wave solution, represented in Fig. 5 of the paper, was con- 
structed on the basis of stress versus strain relation A in Fig. 4. 
E. H. Lee correctly points out that, if the stress versus strain re- 
lations of Fig. 8, which depend upon the maximum impact 
strain, are accepted, completely separate wave solutions are re- 
quired for each impact. Constructions to determine such wave 
solutions were made just to a sufficient extent that the theoreti- 
cal distances of propagation of the maximum strains (as given 
in column B of Table 1) could be determined. The authors are 
of the opinion, in view of the relatively small differences between 
curve A of Fig. 4 and the curves of Fig. 8 and the amount of 
labor involved in making the complete construction for a wave 
solution, that the completion of such individual wave solutions 
was not worth while. 

The values of the elastic limit constant, €, and the constant, 
? Private communication from Professor H. Sack, Department of 
Engineering Physics, Cornell University, Ithaca, N. Y. 





DISCUSSION 


a, pertaining to the three stress versus strain relations given in 
Fig. 8 are listed in the following table: 


& a 
Per cent 10* ips 
—0.59 
—0.21 
—0.115 


Final strain, per cent 


2 0.045 
5 0.044 
0 0.043 


These values of € correspond to a considerable increase in the 
elastic limit of the material above the static value. However, 
no great quantitative significance should be attached to these 
values. By employing other more complex forms of relations 
between strain and velocity of propagation than the one used 
in the paper, the experimental data could be fitted equally well 
with other values of the elastic-limit strain. To determine the 
actual elastic-limit strain under impact conditions requires fur- 
ther experimental work in which more sensitive measurements of 
strains of that order are made. Such measurements are being 
made currently. 

L. E. Malvern’s suggestion, that the elevated stress versus 
strain relation under impact loading might be the result of an in- 
creased strain hardening due to greater crystalline disordering 
under impact conditions, is an interesting one. The difficulty of 
explaining the uniformity of residual strain near the impact end 
on the basis of such an hypothesis could be surmounted if it were 
assumed that the additional strain hardening was a fixed amount 
(at a given strain) and occurred discontinuously when the strain 
rate reached a certain critical value. 

D. A. Stuart and L. E. Malvern have both inquired about 
strain versus time relations in the specimen. A few such meas- 
urements were made during the investigation, and the records of 
two of them are presented in the accompanying Figs. 1 and 2. 
Reliable values of the velocity of propagation as a function of 
strain cannot be derived from these records, as might be hoped, 
because the time scale is not sufficiently accurate. This is a 
result of insufficient frequency-response range of the amplifica- 
tion system employed in making these records. 

The theoretical curves indicated in Figs. 1 and 2 were derived 
from the stress versus strain relation based upon the stress and 
particle-velocity measurements (curve A in Fig. 4) by means of 
the wave solution shown in Fig. 5. The difference between the 
experimental and theoretical values of the final strain indicated 
in Fig. 9 corresponds to the differences in strain at the appro- 
priate stress between curves A and B of Fig. 4. Thus if theoret- 
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ical strain versus time relations were derived on the basis of the 
stress versus strain relations given in Fig. 8, this discrepancy in 
Fig. 9 would disappear. 

The authors wish to express their appreciation for the stimu- 
lating discussions presented by Messrs. Campbell, Lee, Malvern, 


and Stuart, 








Book Reviews 


Methods of Theoretical Physics 


TueoreticaL Puysics. By Philip M. Morse and 
Herman Feshbach. McGraw-Hill Book Company, Inc., New 
York, N. Y., vols. 1 and 2, 1953. Cloth, 6 X 9'/,in., figs., prob- 
lems, appendix, glossary, tables, subject index, xxii and 1978 pp., 
two vols., $15 each vol. 


MeTHODS OF 


Reviewep By A, Aut KHerRaLia! 


TT'HIS outstanding contribution to the scientific literature of 
the English language may be recommended to all physicists, 
mathematicians, and engineers who sre concerned with the solu- 
tion of boundary-value problems. The book is, however, not a 
mere collection of isolated spevial methods but rather a masterly 
exposition at once broad in scope and deep in penetration into 
the fundamental unifying principles which form the basis of the 
practical techniques of this branch of modern theoretical physies. 
The book is divided (about equally pagewise) into two volumes 
consisting of eight and five chapters. The first three chapters are 
largely devoted to introducing mathematical means of expres- 
Fields and operators are discussed 
Elas- 


sion of physical phenomena. 
using vector-dyadic (to the exclusion of tensor) notation. 
tie deformation is introduced by means of the stress and strain 
Equations of elastic waves, fluid motion, diffusion, and 
The characteri- 


dyadics 
the electromagnetic field are derived physically. 
zation of physical problems by extremal properties is ably treated 
(from the physical viewpoint) in the chapter on variational 
principles. 

Chapter four is an introduction to those basic concepts of the 
theory of functions of a complex variable which are most often 
used in physical applications. The fifth chapter is a presenta- 
tion of the classical theory of ordinary differential equations 
classified according to singular points. The representation by 
series and integrals of the solutions is considered and their mathe- 
matical properties elaborated. Up to and including chapter 
five, the authors concentrate on presenting mathematico-physical 
background material. This is done in a concise and intuitively 
In chapter six, the actual methods of solu- 
Boundary 


suggestive fashion. 
tion of boundary-value problems are discussed. 
conditions, the classification of partial differential equations 
and their difference equation gs, the Sturm-Liouville prob- 
lem, eigenfunctions, and the distribution of eigenvalues (spectra 
are treated. Chapter seven on Green’s function represents the 
first thorough discussion of this topic from a physical viewpoint 
in English technical literature. Starting from basie principles 
the concept is adapted to conditions of greater generality finally 
culminating in the abstract-vector form of Green’s function 

The last chapter of the first volume is concerned with integral 
equations, their general properties, methods of solution, and 
relation to transforms their kernels. The Hilbert- 
Schmidt analysis in terms of eigenfunctions, eigenvalues, and 
Green's functions as well as the Fredholm theory and Wiener- 


based on 


Hopf method are presented. 

The second volume opens with chapter nine which expounds 
perturbation and variational methods of obtaining approximate 
solutions (Ritz, WKBJ, and others). The tenth, eleventh, and 
twelfth chapters are devoted to applications of the techniques 
previously developed to a wide variety of instructive problems. 
Solutions of Laplace, Poisson, wave and diffusion equations under 


' Lessells and Associates, Inc., Boston, Mass. 


various boundary conditions in two and three dimensions are 
presented clearly and suggestively. 

The final chapter of the second volume aims at a completely 
vector-dyadic representation and solution of the problems of 
Here the vector wave and Laplace 
The concepts 


physical (vector) fields. 
equations are solved by means of Green’s dyadic. 
are applied to problems of radiation, scattering, vibrations, and 
elastic wave reflection. 

Throughout the two volumes, the authors have sought to 
avoid the use of special tricks with a narrow range of applica- 
bility. Their purpose has powerful general 
methods capable of attacking difficult problems under a wide 
Special mention should be made of the 


been to present 
variety of conditions. 
recurrent emphasis on the wave impedance concept which should 
be of much interest to all concerned with the study of elastic 
or electromagnetic waves. 

Above and beyond their value as a text, they contain material 
of extreme interest and applicability for those scientists and en- 
gineers who are engaged in research on boundary value problems. 


Applied Mechanics 


ADVANCES IN AppLIED Mecnuanics. Edited by Richard von Mises 
and Theodore von Karman. Volume 3. Academie Press, Inc., 
New York, N. Y. 1953. Cloth, 6 X 9 in., x, and 324 pp., illus., 
$9. 


REVIEWED by EF, RetssNer? 


"THE present volume contains eight articles, of which five deal 

with fluid dynamics, one with plasticity, and two with mathe- 
matical methods. While the primary aim is the systematic ex- 
position of isolated research results from recent literature, many of 
the articles appear to contain a certain amount of previously 
unpublished research. Referring for a more detailed analysis 
of the contents of the individual articles to Applied Mechanics 
Reviews and Mathematical Reviews, we may briefly describe them 
as follows. 

A. I. Bellin surveys work dealing with the differential equation 
dy/dt® = F(x, dzx/dt,t) which is of importance in connection 
with forced nonlinear oscillations. G. F. Carrier undertakes 
to exemplify explicitly the mode of thinking associated with the 
use of boundary-layer techniques in theoretical work. The four 
different types of problems chosen as examples, which involve 
research results by the author, are a good indication of the power 
of this method which originates with Prandtl’s famous study of 
fluid motion at high Reynolds numbers. 

N. Frenkiel discusses diffusion under the in- 


A paper by F. 
Hilda Geiringer offers an 


fluence of homogeneous turbulence. 
attractive and detailed exposition of much of what is known 
concerning plane stress and plane strain in plasticity. Gott- 
fried Guderley elaborates the idea of Busemann and himself that 
the existence of transonic potential flow patterns for some pro- 
files may be of limited physicial significance since for very sl‘ghtly 
different profiles this same type of flow seems not to be possible. 
H. Ludloff in an article entitled “On Aerodynamics of Blasts’ 
reports on difficult and significant theoretical studies carried out 
previously by himself and by his coworkers. L. Rosenhead 


’ 


2 Professor of Mathematics, Massachusetts Institute of Tech- 
nology, Cambridge, Mass. 
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briefly surveys much of the analytical work related to the existence 
of the Benard-von Karman vortex street. He emphasizes the 
need for further research in various directions. Finally, O. Zal- 
dastani reviews mathematical work on the problem of “the one- 
dimensional isentropic fluid flow.” 

The present book may be considered a worthy companion to 
the two earlier volumes and one hopes that further volumes will 
appear from time to time, as a storehouse for such expository 
accounts as experienced research workers in the field of applied 
mechanics find time to prepare 


Dynamics of Gases 


Springer-Verlag, Vienna, 1952 
, 300 figs., 3 tables, $18.60. 


By Klaus Oswatitsch 
x 93/,in., xii and 456 py 


GASDYNAMIK. 
Cloth, 6! 


ReEvIeEweD By Ascuer H. Suaprro® 


"T°HAT the dynamics of compressible fluids has reached some 
degree of maturity is attested by the recent appearance of 
several books treating the subject in a more or less comprehensive 
fashion. The present work under review is a masterly treatment, 
in compact form, of a broad range of subjects in the field of gas 
dynamics. 
The scope of the book is indicated by the following chapter out- 
line, with the number of pages devoted to each chapter shown in 
parenthesis: 


1 Thermodynamies (15). A review of thermodynamic prin- 
ciples. 

2 Steady, One-Dimensional Flow (51). Principles; 
shocks; nonideal gas behavior; isentropic flow; nozzles; friction; 


energy addition; burning and detonation; moisture condensa- 
tion. 

3. Unsteady, One-Dimensional Flow (70). Governing integral 
and differential equations in Euler’s and Lagrange’s descriptions; 
internal ballistics; spreading of waves; potential and stream func- 


tions; small disturbances; steepening of wave fronts; compres- 


sion shocks; isentropic motion; detonation; reflection of shocks; 


interaction of shocks and waves; reflection of shocks: nonisen- 


tropic motion; eylindrical and spherical shocks; plane isentropic 
waves; method of characteristics. 
1 General Equations and Laws (24). Integral and differential 


equations of motion; similarity laws; vortex theorems; lift, 
circulation, drag, and thrust in steady flow. 
5 Special Applications of Integral Laws (18). Mixing and 


sudden expansion; jets; easeades; propulsion systems. 
6 General Equations and Special, Exact Solutions for Steady, 


(44). 


plane, and axisymmetric flow; 


Frictionless Flow Basic equations of three-dimensional, 
velocity potential and stream 
function; various co-ordinate systems; source and vortex flows 


Prandtl-Mever 


transformations; 


corner flow; conical flow; hodograph plane; 


various boundary conditions; aerodynamic 


Prandtl’s rule; sweepback. 
Plane and Axisymmetrie Subsonic 


forces; 

7 Steady, Frictionless, 
Flow (33). Source and vortex singularities; linearized equations; 
Prandtl’s rule for plane flow; Krahn’s method; method of Janzen 
and Rayleigh; relaxation method; KaArmdan-Tsien formula; hodo- 
graph method, 

8 Steady, Frictionless, Plane and Axisymmetric Supersonic 
Flow 72). 


their interactions; conical flow; exact and approximate isentropic 


Flow with small perturbations; oblique shocks and 


flow over profiles; hypersonic flow; nozzles; biplane; cascades. 
9 Steady, Frictionless, Transonic Flow (37). Equations of 
3 Professor of Mechanical Engineering, Massachusetts Institute of 
Technology, Cambridge, Mass. Mem. ASME 


normal 
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transonic flow; similarity laws; nozzle flow; integral method; 
relaxation method; hodograph method. 
10 Special Steady and Unsteady Space Flows (38). 


of special problems relating to steady and unsteady flows, par- 


A variety 


ticularly over wings. 
11 Flow With Friction (14). 


laminar boundary layer; relation between plane 


Compression shock: boundary 
laver equations; 
and axisymmetric boundary layers; turbulent boundary layer; 
effect of boundary layer on main flow; stability of boundary 
laver. 

Methods and 


optical methods; temperature 


12 Survey of Experimental Analogies (15). 
Pressure and force measurements; 
measurements; wind tunnels; hydraulic analog; electrical 


analog. 


The treatment of the subject matter is primarily theoretical, 
with an occasional reference to experimental results. In most 
portions of the book the mathematical background required is 
roughly that of the customary one-year graduate course in ad- 
vanced calculus. Although the subject matter is inelusive, the 
treatment is condensed. For the foregoing reasons the work will 
most likely find its place as a reference book for professionals 
rather than as an introductory text. 

The style of writing is clear and interesting, and the typography 
and figures are excellent. 

In the reviewer's opinion this book will be an enduring reference 


work. 


Methods of Mathematical Physics 
MetHops or MatTHematicart Purysics. By R. Courant and D 
Hilbert. Vol. 1—First English Edition, translated and revised 
from the German original. Interscience Publishers, Inc New 
York, N. Y., and London, England, 1953. Cloth, 6 9 in., xv 
and 561 pp., $9.50. 


Reviewep sy A, Aut Knerrauriat 


"THIS classic treatise which for 30 years has inspired and 

stimulated a whole generation of physicists, mathematicians, 
and engineers needs no introduction to those conversant with the 
German language. The translation of this brilliant exposition 
constitutes an acquisition of fundamental importance for english 
scientific literature No review of this work would be compl te 
without some mention of its striking literary style. 

The book is especially distinguished by the attention and peda- 
gogical skill devoted to establishing motivation on the part of the 
reader. It has set a high standard too often ignored by certain 
modern authors who, in their zeal to hide the fact that mathemat- 
ics is born on seratch paper, pass by the golden mean of elegant 
presentation to settle on a barren and artificial edifice disfigured 
by the painstaking excisions of all motivating material and des- 
tined for a dusty disuse on the rearmost shelf of a publie library 
a compilation of 
Nothing could be 


The unwarranted inference that this text is 
scratch pads should by no means be made 
more false Beneath the surface of a singular expository style 
lies the ever visible deeper purpose of a nourishment to matura- 
tion of the mathematical intuition of the reader 

The material proper of this first volume is divided into seven 
chapters. The first chapter is devoted to the algebra of linear 
transformations and quadratic forms. The properties of vector 
spaces, linear dependence, completeness, the inequalities of 
Schwarz and Bessel, the orthoygonalization of bases, matrices, and 
the extremal property of chiracteristic values are digcussed 
The next chapter deals with the representation of functions (re- 


garded as vectors) by series (and integrals). Fourier series and 


4 Lessells and Associates, Inc., Boston, Mass. 
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integrals, Legendre polynomials, and other orthogonal systems 
Chapter three is devoted to the topic of integral 
equations. Fredholm theory, Neumann series, and the Hilbert- 
Schmidt methods are presented suggestively. The next chapter 
on the ealculus of variations constitutes a suggestive introduction 
to that subject. Starting from the simplest problems the meth- 
ods are successively generalized in such a way as to encourage a 
deeper insight into the fundamental approaches of this field. 
The Euler (Lagrange) equations, Rayleigh-Ritz method, Leg- 
endre condition, the Euler expression as a gradient in function 
space, the transformation of variational problems, the varia- 
tional derivation of the differential equations of physics, and a 
new section on reciprocal quadratic variational problems is in- 
Chapter five handles vibrations and the Sturm-Liouville 
problem. Green’s functions and their applications and signifi- 
cance are thoroughly discussed. The next chapter deals with the 
applications of the approaches of the calculus of variations to 
eigenvalue problems. The distribution of eigenvalues is the 
Chapter seven discusses various special functions 
defined by characteristic value problems. The fundamental 
properties of Bessel, Legendre, Tchebycheff, Hermite, and 
Laguerre functions are presented. Spherical harmonics are 
treated and a new appendix on their transformations is included. 
Finally, a section on asymptotic expansions, the saddle-point 
method (of steepest descents) and the Darboux method conclude 


are treated. 


cluded. 


main topic. 


the chapter. 

Worthy of particular note are the excellent supplementary 
sections at the ends of the chapters in which numerous well- 
chosen remarks and examples are used to stimulate the reader to 
further consideration of generalizationsand interconnections of the 
material presented. In this manner not only is the way pointed 
to a wide supporting literature, but the reader also rapidly ac- 
quires the feeling for intuitive generalization which forms such a 
strong undercurrent throughout the work. 

This translation should be especially welcomed in the many 
colleges and universities of the United States where the language 
barrier has often been the decisive factor in making it inaccessible 
to the general student public. It is also to be recommended to 
that great host of research workers whose mastery of the German 
language is not so perfect as to permit the complete understanding 
of a book in which no word is wasted. 


Fluid Mechanics 


Fiur Dynamics. Vol. 4. Proceedings of the Fourth Symposium in 
Applied Mathematics of the American Mathematical Society, held 
at the University of Maryland, June 22-23, 1941, Co-sponsored by 
The United States Naval Ordnance Laboratory. M. H. Martin, 
Editor; Editorial Committee: R. V.Churchill, Erie Reissner, A. H. 
Taub. McGraw-Hill Book Co., Inc., New York, N. Y., 1953. 
Cloth, 6/4 & 10 in., v and 186 pp., illus., $7. 


Reviewep sy G. K. Batcuetor® 


"THE reviewer of a book of this kind has a well-nigh impossible 
task. For here are 14 unrelated papers on advanced fluid 
dynamics, all of them written in the terse style of a survey and 
demanding that the reader be almost a specialist. And when all 
14 papers have been assessed, how shall an article about the whole 
group be made amusing and interesting? This reviewer con- 
fesses at once to failure and has fallen back on a catalogue of the 
contents of the book. 
First one general query may be allowed. These papers are 
mostly good, and worth reading, since, being prepared for presen- 
tation at a gathering of fluid dynamicists, they are designed to 


5 Lecturer in Mathematics, University of Cambridge, England. 
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enlighten and not solely to place on record a particular piece of 
work. But one wonders whether this is the proper publishing 
medium for them. Is there a good reason why the ordinary media, 
viz., the scientific and mathematical journals, could not cope 
with them, so justifying the addition of yet another occasional 
volume to the vast and alarmingly disorganized library of knowl- 
edge of fluid dynamics? It is not for me to say there is not a good 
reason, although I suspect that that is the case. However I do in 
all humility urge organizers of meetings like the one concerned to 
think seriously about the matter, because there is a growing tend- 
ency for scientists to unload onto congresses and symposia 
papers which they would otherwise have difficulty in publishing. 
Symposia have a definite role in current scientific life, and that 
role is concerned primarily with the spoken word. 

Homogeneous turbulence is the subject of the first two papers, 
by S. Chandrasekhar and C. C. Lin, both papers being in the 
nature of reviews of contributions made by the authors in the 
few years prior to the symposium (which was held in 1951). 
Six papers are on high-speed flow, the first being an authoritative 
and illuminating discussion of the nonexistence of transonic po- 
tential flow by A. Busemann. R. E. Meyer contributes a short 
account (a full paper being published elsewhere) on waves of 
finite amplitude in ducts. T. Y. Thomas considers how the 
pressure distribution over the surface of curved profiles in super- 
sonic flow may be explained by means of several hypotheses about 
the nature of the flow separation and the associated shock waves, 
although the significance of the hypotheses was not clear to this 
reader. In a short paper G. F. Carrier and K. T. Yen describe a 
method by which irrotational isentropic flows may be con- 
structed, and M. H. Martin and W. R. Thickstun describe a par- 
ticular case of transonic flow—as represented by Tricomi’s equa- 
tion—in which the sonic line looks like a Cornu spiral. Finally 
there is a short and clear discussion of nonuniform propagation of 
plane shock waves by J. M. Burgers. 

The remaining papers do not fall so naturally into groups. 
A. E. Heins contributes a paper on some of the mathematical 
aspects of the theory of surface gravity waves. 8S. R. de Groot 
writes on the comparatively new subject of irreversible thermo- 
dynamic processes and discusses the connection with fluid dy- 
namics; this article will appeal to those interested in the physical 
basis of the motion of fluids although it makes hard going for a 
newcomer to the subject. T. Theodorsen gives a brief exposition 
of propeller theory based on the velocity potential far down- 
stream where the vortex lines all move backward at the same 
uniform velocity. A longish review of numerical methods, suita- 
ble perhaps for high-speed computing machines, in problems of 
conformal mapping is contributed by G. Birkhoff, D. M. Young, 
and E. H. Zarantonello; a new method for cases involving a free 
boundary at constant pressure is included. A numerical method 
of solving problems described in effect by Laplace’s equation in 
two dimensions with conditions on the function or its derivative 
at an external boundary (such as steady unidirectional flow of a 
viscous flow under pressure gradient) is given by J. L. Synge; the 
method involves procedures similar to those used in the method of 
finite differences, but there is here the advantage that upper and 
lower bounds to the approximation are available at each stage. 
Lastly there is a clear account by A. Weinstein of the way in 
which problems of irrotational ficw may be solved by the super- 
position of singularities representing sources and sinks; some re- 
cent developments make this method available for cases of 
axially symmetric flow with singularities off the axis. 

It is this reviewer’s impression that on the whole the papers 
have an expository standard higher than that found in journals. 
Libraries ought to have a copy of the book, but there does not 
seem to be much reason why individuals will want to purchase 
it. 
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Stress Concentration Design Factors 


Stress CoNnceNTRATION DesiGn Factors. By R. E. Peterson. 
John Wiley & Sons, Inc., New York, N. Y., 1953. Cloth, 9'/4 x 
11 in., x and 155 pp., 131 figs., $8.50. 


REVIEWED BY Horace GRoveER® 


THs book is mainly a compilation of charts and relations 
useful in detail design of machine parts and structural ele- 
ments. 

The book is intended primarily “as a working tool—and there- 
fore only enough background and references are given to enable 
the reader to explore the subject further if he so desires.” De- 
spite this modest preface, the introduction to “Definitions and 
Design Relations’’ contains a good summary of conventional 
methods of aiiowance for stress concentrations in design. This 
includes consideration of static loading, of loading under alternat- 
ing stress, and of loading under combined static and alternating 
stresses. Illustrative numerical examples contribute to great 
clarity in this section. 

There follow four sections on: Grooves and notches, shoulder 
fillets, holes in plates and Shafts, and miscellaneous design ele- 
ments. The latter includes such items as: Shafts with keyways, 
gear teeth, press-fitted or shrink-fitted members, bolts and nuts, 
and so on. 

Each of these sections contains, in addition to concise discus- 
sion, a series of charts of values of theoretical stress-concentration 
factors for various dimensional proportions of the notches under 
consideration. There are about one-hundred such charts in all: 
many of these charts cover a considerable range of dimensional 
parameters. This is the most extensive compilation of the kind 
known to this reviewer, and there are many indications of great 
care having been taken in the collection, evaluation, and pres- 
entation of the information. 

Special attention has also been given to the format of the book 
as a “working tool.’”’ The charts are large, with full grids for 
readability. The helical binding permits opening so that any 
chart may be flat for easy abstraction of numerical values. 
Thumb tabs on the edge afford quick opening to charts likely to 
be used often. 

This book should be of value and interest to anyone concerned 
with design allowance for stress concentration. For those who 
have frequent and varied problems of this nature, the book may 
be indispensable. 


Heat Transfer 


PRocEEDINGS OF THE GENERAL Discussion ON Heat TRANSFER, 
Sept. 11-13, 1951. The Institution of Mechanical Engineers, Lon- 
don, England; The American Society of Mechanical Engineers, New 
York, N. Y. Cloth, 8'/2 X 11 in., references, bibliography, figs., 
indexes, xiii and 496 pp., $10 from ASME Order Department, 29 
West 39th Street, New York, N. Y. 


Reviewep By Car F. Kayan? 


TT'HIS is indeed a rare compilation of international nature 
representing a panorama of heat-transfer activity in the 
various fields of scientific and engineering development. As 
such it is replete with a store of references accompanying the 
different papers which comprise two broad groups, namely (a) 
6 Chief, Applied Mechanics Division, Battelle Memorial Institute, 
Columbus, Ohio. 
? Professor and Executive Officer, Department of Mechanical Engi- 
neering, Columbia University, New York, N. Y. Mem. ASME, 
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North American and (6) British, Commonwealth, and foreign 
papers. 

The volume contains some 93 individual contributions. The 
symbols used are carefully indicated throughout, a relief to all 
readers. The papers cover a tremendous range of interest, from 
heat transfer in gun barrels to heat transfer as associated with 
vapor diffusion. The subjects deal with the developments in 
the mechanism of heat transfer and in the design of apparatus 
relating thereto, and are divided into five main sections, as 
follows: 


1 Heat transfer with change of state 
2 Heat transfer between fluids and surfaces 
3 Conduction in solids and fluids 
Radiation, instrumentation, measurement techniques, and 
analogies 
Special problems such as heat transfer in turbine-blade 
cooling, in liquid metals, in gas turbines, and in piston 
engines, the mercury boiler, and so on. 


The treatment of the various topics of the afore-mentioned 
classification in each case is handled in the two geographical 
groups indicated. At the Discussion in London, the papers 
were presented in general abstract by an official Reporter for 
the North American set, and by another official Reporter for the 
British, Commonwealth, and foreign offerings. In addition to 
the full record of the different papers in each of the five sections, 
there is also included at the end of each the formal discussions 
in London, the discussions in Atlantic City, N. J. (at the subse- 
quent ASME Annual Meeting), and the authors’ replies. The 
volume further records the proceedings at the official General 
Discussion dinner in London, as well as the formal James Clay- 
ton memorial lecture by Prof. A. P. Colburn, Mem. ASME, 
dealing with condensers of vapors and vapor mixtures 

Truly, as a mid-century publication covering a decade of 
development, the volume serves as a notable record to punctuate 
the progress in the field of heat transfer. It is a technological 
milestone in print. As such it well deserves a place in the library 
of all concerned with the engineering of heat-transfer equipment. 


Bessel Functions and Formulas 


Besse. Functions anp FormvcLtae. Compiled by W. G. Bickley 
Published for the Royal Society at the Cambridge University 
Press, New York, N.Y., 1954. Paper, 8'/2 K 11 in., 11 pp., 75 


cents 


Reviewep By A, Ati KHerraia® 


‘THs neatly printed, concise collection of formulas involving 

the Bessel functions of real and imaginary argument and inte- 
gral order has been extracted from volume 10 of the British 
Association Mathematical Tables. 
tions, series definitions, asymptotic expansions, auxiliary functions 
for small argument (x~J,(x) ete.) and for large argument 
(e-*K,(x) ete.), zeros, addition formulas, related differential 
equations, a few integral representations, some integrals, the ex- 


Included are recurrence rela- 


ponential generating function, and some expansions of elementary 
functions in series of Besse] functions of increasing (integral) or- 
der. Altogether there are 104 formulas listed. The collection 
should be of use as a ready reference to those basic formal proper- 
ties of Bessel functions most often used in routine manipulations 
and computations. 


§ Lessells and Associates, Inc., Boston, Mass. 
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"THE first volume contains thirteen chapters, a name index, and 

a subject index. It is stated in the preface that “the object” 
of the book “‘is to provide in convenient nonmathematical form 
the information necessary to the engineer who wishes to measure 
temperature.” The first four chapters of volume 1 are introdue- 
tory with respect to the two-volume sequence, while the rest of 
the volume deals with thermocouple techniques. Specific 
references are given at the end of each of the chapters. 

The first chapter deals with fundamental concepts of tempera- 
ture and thermometers. It also discusses the various temperature 
scales used and shop standards for thermometry. In_ the 
second chapter the various thermometers are discussed in some 
detail. The third chapter deals with the planning of tempera- 
ture measurements, the systematic and accidental errors involved. 
In the fourth chapter, some of the conditions are enumerated 
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which affect temperature measurements. The fifth chapter 
treats the thermocouple thermometer. The thermoelectric 
power, multiple-metal circuits, parasitic thermoelectric and 
voltaic effects, the thermocouple wire, its testing and calibration, 
junction splices, insulation, and circuits for thermocouples are 
discussed. The sixth chapter gives a brief survey of indicating 
instruments. The seventh chapter deals with ‘design calcula- 
tion techniques.”’ It treats such subjects as thermal contact, 
nonuniform and time variable heat transfer, 
insulation, the influence of leads, and the installation. A numeri- 
cal example is also included. The eighth chapter gives the 
various types of thermocouple junctions. The ninth chapter de- 
scribes the techniques of drilling and preparing holes for the 
thermocouples. In the tenth chapter, protective coatings, heat 
and corrosion-resisting metals, plastics, refractories, and cements 
The eleventh chapter gives useful hints about 
The technique for 


temperature, 


are discussed. 
the leads, their cementing and sheathing. 
measuring temperature gradients is described in the twelfth 
chapter. Finally, a one-page ‘‘Conclusion to Volume I’”’ is con- 
tained in chapter thirteen. 

The book is what the authors set out to make it, namely: ‘The 
approach here has been to provide a comprehensive list of pos- 
sible techniques,. . ."’. The great number of references included 
in the book will be quite useful to users of thermocouples. Re- 
viewer thinks that the number of sections in the chapters should 


be reduced considerably. 
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